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INTRODUCTION.

Until recently, the goal of Probability Calculus has been the study of random
numbers or geometric probability, the study of a random point, defined by its
coordinates, in a Euclidean space. The development of Probability Calculus
and its applications calls for the study of more general elements: random series,
vectors, functions, curves, transformations,... M. Fréchet [M. Fréchet, I, p.215-
310](1) showed the necessity of a systematic study of abstract random elements;
we will not go back to this point.

The set of realisations of an element X constitutes a space 2" of X and each
realisation of X is a point of 2. The definition of abstract random elements
implies the existence of a measure or probability on Z; we first need to introduce
measurable sets forming a o-algebra .#: the elements of % are subsets of 2
and 2 itself is part of the o-algebra % ; then the measure p is such that for all
A € %, we have

wA) 20,  w2)=1, > pA)=u ZAi

i

if the countable collection A; is pairwise disjoint. The generalisation of the no-
tion of probability laws is then immediate: it is the collection of the probabilities
of all the elements of .%#. The notions of central values, dispersion, etc. imply
that of “neighbourhood”; so there must be a topology on Z°. Every metric
defines a topology but there can be a topology in a space without a metric;
however, we will restrict ourselves, like M. Fréchet, to metric spaces.

We can then, as M. Fréchet [M. Fréchet, I] and S. Doss [S. Doss, I] did, gener-
alise the notion of mathematical expectation; however, if we want to generalise
mathematical expectation as a linear operator, addition needs to be defined on
Z, and so 2" needs to be vectorial; we can then directly generalise the classical

1This is not authoritative translation, and I do not claim any credit for the mathematical
content of this document. Please send any corrections to junhyung.park@tuebingen.mpg.de.
(I The square brackets [ ] can be found in the bibliography, page 65.



law of large numbers. Let us note that, considering the case where 2 is a met-
ric space but not linear, S. Doss [S. Doss, I| defines the analogue of 1 37" | X;
as any element Z,, if it exists, such that

(Zn,A) =

En: X, )

for any A, where (a,b) denotes the distance between a and b.

He thus obtains a law of large numbers, but, except in a very particular case,
he has neither an existence result nor a uniqueness result. So we see that we
are led to consider metric vector spaces; more precisely, we will limit ourselves
to Banach spaces, that is to say, to complete metric vector spaces in which the
metric is defined through a norm. The linear functionals(®), real or complex,
relative to 2~ will be denoted x*; they form the dual space Z™* of 2 which is
itself a Banach space.

We will assume that the measure defined on 2" is such that all linear func-
tionals are measurable; we then say that the measure is an L-measure.

Under these conditions, we will study the definition and existence of a math-
ematical expectation (Chapter I), and we will establish laws of large numbers
in expectation or almost surely (a.s.) with respect to the weak convergence
and also with respect to the strong convergence (Chapter II). Chapter III is
dedicated to the definition and study of the characteristic function of a random
element, and finally in Chapter IV, we will define and study random Laplacian
elements.

The main results shown in this Thesis are summarised in the following notes:

3\’—‘

E. Mourier, C. R. Acad. Sc., v0l.229,1949, p.1300; vol.231, 1950, p.28;
vol.232, 1951, p.923; vol.236, 1953, p.575.

I am happy to express here my respectful gratitude to Professor G. Darmois
for the interest he has shown in this work, his observations and his very useful
advice.

I equally address my strong gratitude to M. Fréchet whose recent works
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CHAPTER 1.

DEFINITION AND STUDY OF A MATHEMATICAL EXPECTATION
IN THE CASE OF AN L-MEASURE.

In Probability Calculus, one defines the mathematical expectation of numerical
random variables, but for a long time, in various applications, one has defined,
and frequently uses, the “mean value” of elements which are not numbers. For
example, nothing is more familiar to an artilleryman than the “average point”
which he defines by the property that the coordinates of this point are the
mathematical expectation of the corresponding coordinates; that is to say, if we

(2)n all that follows, “linear” implies additive and continuous.



denote by X;(M) the i*® coordinate of a point M, the average point E(M) is
defined by the relation

X;[E(M)] = E[X;(M)]  for all i.

Departing from the known notion of mathematical expectation for a numerical
random variable, we generalise in an analogous way [E. Mourier, I| the defi-
nition of the mathematical expectation of a random element X whose values
belong to some Banach space 2", which we will denote by X € Z". Just as in
the preceding example, the average point will only be defined when the math-
ematical expectation of each X;(M) exists, and likewise we will only define the
mathematical expectation E(X) of X € 2 if E[z*(X)] exists for each z* € 2.

Definition. — The mathematical expectation E(X) of X € 27, if it exists,
is the element of 2" such that

2 [E(X)] = E[z*(X)] for every z* € 2.

Let us note that E[z*(X)] is a mathematical expectation of an ordinary
numerical random variable, so E(X), if it exists, is unique; indeed the knowledge
of 2*[E(X)] for every * determines E(X) [E. Hille, I, p.22].

This definition is equivalent ot that of the Pettis integral [Pettis I. p. 277-
304].

Remark. — Given a set, we can sometimes choose different norms such that
the space defined with either of these norms is a Banach space. Changing the
norm can have the effect of modifying the class of (continuous) linear functionals
which can be enlarged or shrunk (but there are always additive functions which
are linear in all cases).

It is interesting to know whether E(X), which exists with one norm, also
exists with another, and if these mathematical expectations are the same. In
fact, in concrete applications, the choice of the norm is in general arbitrary.

Let ||z||; and ||z||2 be two norms; if we assume that there exist two numbers
a and b such that

Izl _,

(1) 0<a< ,
(E4P

the linear functionals are the same [E. Hille, I, Theorem 2.13.8] with ||«||; and
with ||z||2 so the mathematical expectation, if it exists in one case, exists in the
other and with the same value.

The condition (1) can be interpreted qualitatively and is necessarily satisfied
in the case of a finite-dimensional number (alongside the theorem E[U(X)|=U[E(X)],
cf. page 5).

Property 1. — If E(X) exists, E(aX), where « is a fixed number, exists and
equals aE(X)

2" [B(oX)] = Ela” (aX)]
= o' [E(X)]

Elaz*(X)] = aE[z*(X)]
¥ [«E(X)] for every z*,

so E(aX) exists and E(aX)= oE(X).



Property 2. —If X is surely or almost surely equal to a fixed element z, E(X)
exists and is equal to x.

¥ [E(X)] = E[z*(X)] = 2" (z) for every z*;

so E(X) exists and is equal to .

Property 3. — If X is surely or almost surely equal to a fixed element z, if
A is a numerical random variable and if E(A) exists, then E[AX] exists and is
equal to zE[A].

e [E(AX)] = E[z"(AX)] = E[Az"(X)] = = (2)[E(A)]
=z"[zE(A)] for every z*,
so E(AX) exists and is equal to z[E(A)].
Property 4. — If X and Y are defined on the same 2" and if E(X) and E(Y)
exist, E(X +7Y) exists and we have:

E(X +Y) = E(X) + E(Y).

LEMMA. — Let us recall [Banach, I, p.181] that if 2 and 27 are Banach
spaces and v € X" andy € 21, if we denote by X x 21 the space of all ordered
couples x,y where we define addition and multiplication by a scalar h by letting:

(xvy) + (x1,y1) = (x+x1,y+y1),
W, y) = (hx, hy)

and the norm such that

(1)

lim z, =29 and lim y, = yo is equivalent to lim ||(Zn,yn) — (o, y0)|| = 0,
n— 00 n— 00 n—00

then 2 x 27 is a Banach space called the product of Z and Z1. (1) is fulfilled
if, in particular, we take as the norm of z = (x,y) one of the expressions
1
Izl = [l + llylI"]?
or
12| = max([lzl, [[y]]);

there are other possible norms, but by choosing any norm satisfying (1), we will
always obtain isomorphic spaces. The product & x Z is called the square of
2 and is denoted by 2 2.

We likewise define the product &7 X Za X ... X Z,,.

The product of a finite number of separable spaces® is separable.

Proof of property 4. — Let
XeZ, Yew =2

We assume that E(X) and E(Y) exist.

(3)We recall that a Banach space 2" is separable if there exists a countable sequence S of
points of 2" such that every point of 2" is the limit of a partial sequence of S.



Let
L= x¥ and (X,Y)=2.

We have a measure on %, it induces a measure on 2" and another on % that we
assume are L-measures [since E(X) and E(Y) exist]. A linear functional applied
to X + Y is of the form

' X+Y) =2"(X) + 2*(Y).

But 2*(X) and y*(Y) [in other words, 2*(Y)] are measurable on 2, so z*(X+7Y)
is also measurable on Z. But the measure on £ induces a measure on the space
Z" (identical to Z7) of X + Y, and the latter is thus an L-measure. We can
thus find out whether X 4+ Y has a mathematical expectation E(X + Y), this
mathematical expectation has to be such that

and this holds for every z* € 27, so: E(X+7Y) exists and E(X+Y) =E(X) +
E(Y).
THEOREM. — Let U be a linear operator defined in the Banach space 2 and

whose codomain is a Banach space Z7; letting X € 2, if E(X) exists, E[U(X)]
exists and is equal to U[E(X)].

LemMA®. — Let 2 and 2, be two Banach spaces, y = U(x) a linear
operator defined in Z whose codomain is contained in 27 and x* and y* linear
functionals defined in X and 27 respectively. Let us consider the expression
y*[U(z)], where y* is any linear functional defined on Z1. This expression can
be regarded as a functional defined on Z .

Let us set

z*(z) = y*[U(2)];
thus defined, the functional =* is additive and continuous, because we have

|2 ()] = [y [U@)]] < lly™[| - 1U1] - ],

whence
"I < lly™II- U]l

Proof of theorem. — By definition,

E[X] exists, so E[z*(X)] also exists for each 2*; by the lemma, for each y*[U(X)]
there is a x*(X) such that:

(4)BANAOH, loc. cit., p.99.



so E[y*[U(X)]] exists and

Property 5. — If || X|| is measurable, if E[||X||] < +o0 and if E(X) exists, we
have:
EX) < B}

There exists [Banach, I, p.99], [E. Hille, I, Theorem 2.9.3| a linear functional
x4 € Z* such that:

() [zl = 1,
(B) 26 [E(X)] = [EX)]].
But
2o [E(X)] = E[z5(X)],
[z [E(X)]| = [E[z(X)]] < Elzg(X)] < Efflag]| - [1X][],
IEX) < E[IX][].

The examination of this property poses the problem of studying the measura-
bility of [|X]|.
THEOREM. — With an L-measure, if 2" is separable, ||x|| is measurable.
Indeed, an L-measure means that x is weakly Pettis-measurable, but %2
being separable means that x is Bochner-measurable [Pettis, I, p.279], that is

to say, there exists a sequence of step functions® An(x) such that, for a fixed
x, save for a set of zero measure,

[z = An(z)]] = 0;
this implies
[An ()] = [ll;

but ||A,(z)|| is measurable, hence so is ||z||. More generally, every continuous
numerical function f(z) of x is measurable; every function f with values in a
Banach space and continuous will be Bochner-measurable.

THEOREM. — With an L-measure, if 2 is separable and reflexive and if
E[||X|]] = m < 400, then E(X) ezists.

(5)“Step functions” are constant on each of a finite number of disjoint measurable sets whose
sum is the entire space (see Pettis).



4 is separable, so || X|| is measurable (preceding theorem). 2~ being sepa-
rable and reflexive implies that 2"* is separable. Let {z*} be a countable dense
sequence in Z2*; for E(X) = y to exist, it is necessary and sufficient that

(1) x) (y) = B[z} (X)] for all n.

n

Necessity is obvious. For sufficiency, if, for every n, E[z} (X)] exists, E[z*(X)]
exists for every z*; indeed:

E[z"(X)] = E[z;,(X)] + E[(2" —27)(X)],
and if ||z* — 2z} || < e
[Elle” = 23)(X)] < E[f]2” — 27, [[|X]]] < me.
So if y satisfies (1):

[Ele"(X)] = 2% (y)| < me +[2,(y) — 2" (y)],
< e(m + [lyl)-

Here [E. Hille, I, p.21], a necessary and sufficient condition for (1) to have a
solution y such that ||y|| < M is that, for every y* of the form

k
y* = Z O(n$:7
n=1
we have
k
> Bl (X)) < M-y,
n=1

that is to say,
By (X)) < M- [ly*[|.

Now we have
1Ely" O < Ellly™ |- [IX[[] < [ly*[|m.

In Chapter II, this theorem will be extended in the sense that the condition
of 2 being reflezive will be dropped. We will then obtain this theorem as a
consequence of the strong law of large numbers. It was, however, interesting to
obtain a sufficient condition of the existence of E(X) at this stage.

COMPARISON WITH FRECHET’S MATHEMATICAL EXPECTATION

Fréchet’s definition. — M. Fréchet [M. Fréchet, I1| gave a constructive defini-
tion of the mathematical expectation of a random element. This mathematical
expectation exists if two conditions are met. The first is about the measure.
The measure has to satisfy a certain condition F, and if it does, we will say it
is an F-measure; this condition is that, for any ¢ > 0, we can find a finite or
countable number of sets ey, ..., e, ... such that:

X. Zk €L = %;

3. The e are pairwise disjoint and each ey is measurable;



v. For every e, the variation of x, when = varies in ey, stays below ¢ in
norm, that is to say, the diameter of each ey is smaller than .

This condition implies that the space 2 is separable; and conversely, if 2
is separable, such a decomposition is possible. The condition vy was generalised
by Fréchet himself and by Shafik Doss [S.Doss, I] and replaced by:

v'. For every ey of finite measure m(ey), the variation of z, as z varies in
ek, stays below ¢ in norm, that is to say, the diameter of each e; such that
m(eg) > 0 is < ¢, which is equivalent to saying that X is almost surely in a
separable subset 27 of 2.

The second condition, condition F’, for the existence of the mathematical
expectation, is that there exists a value of €, a choice of the e for this ¢ and a
choice of &, in e, such that:

ZHEka(ek) < +o0.
k

This definition of the mathematical expectation is equivalent to the definition
of integral of a function with values in a Banach space, it corresponds to the
Bochner integral [Bochner, I], while the definition we gave corresponds to the
Pettis integral [Pettis, I, p.277] which includes that of Bochner.

THEOREM 1. — Every F-measure is an L-measure; more generally, if f(x) is
a continuous and real numerical function, the set &7 of the x for which f(x) < a
(for some real number a) is measurable (with the F-measure assumed to be
given).

1° o is open. — If xg € &7, we can find a sphere with centre zy completely
contained in &; indeed, xo € & implies that a — f(x¢) > 0.

Let d = a— f(xo). Since f is continuous, we can find n such that ||z —xzo|| <n
implies | f(z) — f(zo)| < £, so the sphere with centre zy and radius 7 is included
in .

2° o7 is F-measurable. — Let ¢,, = %, and let e} be the ey, for € = ¢,,; let us
denote by e} the e} which are contained in </, and by e} the others.

Let <7, be the sum of the e,

Ay C .
Let B, = >, < (the union of the %),
t%)n - %n+1-

ay, is F-measurable, hence so is B,; denote by (e”) the set of all the e, if
they exist, which are of zero measure and have at least one point inside .« and
at least one point outside 7; there are at most countably many of them, and
their union € is thus of zero measure.

Let us then set

o = — e (o' C o).

If zg € &', x¢ belongs to all the %, as soon as n is larger than some number;
indeed: for every n, there is a k, say ky, such that zo € e , then if n is large
enough, every ej is an ey because if x varies in €k

1
[ =zl < en = —;
n



let 1 be the radius of a sphere with centre zy and completely contained in o/
(we saw that such an n > 0 exists); if % <m, e Is contained in the sphere, so
contained in 7, and hence it is an €}*. So

o' C B =1lim B,

(since every x € &' is € B, for large enough n).
n

ggn = Z DQ{z - %7
i=1

SO
o C B =lim%B, C A,

since & — &/’ is of zero measure, & — % is of zero measure. As 4 is measurable,
&/ is also measurable, and m(«7) = m(%).

This theorem can be immediately extended to complex functions f(x) which
are measurable if the real and imaginary parts are separately measurable.

The x* are continuous numerical functions, so every F-measure is an L-
measure.

Let us remark, moreover, that ||z| is also a continuous numerical function,
so ||z| is F-measurable. In the case of an L-measure which is also an F-measure,
|z|| is L-measurable; which we already knew, (c.f. page 6), because then 2 is
separable. In the case of an F-measure, F’ is a sufficient condition for E[||z]||] to
exist; it is also a necessary condition [M. Fréchet, 1T, p.494|. With an L-measure,
we saw (page 6) that if 2" is not only separable but also reflexive, then 2™ is
separable, and the existence of E[||X||] = m implies the existence of E(X).

THEOREM 2. — If we consider an L-measure which is an F-measure satisfy-
ing F’, the mathematical expectation of X exists and is equal to the mathematical
expectation in the sense of Fréchet.

Let Ep(X) be the mathematical expectation of X in the sense of Fréchet,
Ep(X) = lim z;«: m(er)Ek;

we have

Z m(ex)||&kll < +o0.
k

Let z* be any linear functional (hence bounded):

2" [Bp(X)] = 2" [lim > m(ex) |
k

=lim | Y m(er)a™ (&) | |
B

= E[z*(X)].
As a consequence, E[z*(X)] exists and there exists an element Er(X) such that

2" [Ep(X)] = E[z"(X)].



So E(X) exists and:

|E(X) = Er(X). |

CHAPTER II.

ADDITION OF RANDOM ELEMENTS.

I. — PRELIMINARIES.

We will always consider random elements X whose values belong to a Banach
space Z and such that for every linear functional — that is to say, additive and
continuous, and hence bounded — z*, 2*(X) is measurable; we are now going
to study the problem of the addition of “independent” random elements, or as
we will say, “strictly stationary” random elements. We must thus define these
terms; we will first recall the definition and some properties of the product
space.

Product space. — If A and B are some sets (not necessarily subsets of the
same space), the product A x B is the set of all the ordered couples z,y, where
z €A and y € B.

We defined (Chapter I, page 4) the product of two spaces 27 and £, in
particular the product of two Banach spaces.

We likewise define the product of a finite number of spaces 27 X Z5 X ... X Zn,
and, in particular, the product of a finite number of Banach spaces. The product
of a finite number of separable spaces is separable.

Let 21, 23, ..., 25, be Banach spaces, and let 2" = 27 x 25 X ... Xx Z,, and
denote by Z7,..., Z,", Z* the dual spaces of 271, Z3,..., Zn, Z respectively.
The spaces 2™ and 27" X ... x Z.* are isomorphic [Banach, I, p.192]. In
particular, the dual of 272 is isomorphic to (27*)2.

If, in addition to the spaces 27 and %23, we are given two o-algebras .%#; and
F5 of subsets of 27 and 25 respectively, we denote by %1 x %5 the o-algebra
of subsets of Z7 x 25 generated by all the sets of the form A; x As, where
A € 3?1 and A, € jg.

The measurable space (27 X 23, %1 X F#3) is the product of two measurable
spaces (21, %1) and (23, -%2).

If 1y and py are two measures(®) defined on .%#; and .%, respectively, there
exists a unique measure A such that, for every set Ay x Ay € F X Fo:

A(Ar x Az) = p1 (A1) x u(Az).
A is called the product of the measures p; and po, and we denote it by:

A= X Ha.

Independent random elements. — In the classical theory of Probability
Calculus, we say that two numerical random variables X; and X5 are indepen-
dent if, for any z; and xo:

Pr[X1 <xp;Xg < JL‘Q] = PI‘[X1 < xl] X PF[XQ < 562],

(6)We will consider measures which are probability measures, that is to say, such that wZ) =
1. The theorem is true if p; and po are any “o-finite” measures [P.R.Halmos, I, p.144].

10



which is equivalent to saying that the events X; < z; and X5 < x5 are inde-
pendent for any z; and x5, that is to say, that the probability that Xo < x5 is
not modified by the knowledge that the event X; < x7 is realised, or put yet
another way, that Pr[Xy < x2/X; < 1] = Pr[X3 < x9].

Let us now consider random elements X; and X, taking values in Banach
spaces Z7 and Z5 respectively. We say again that these random elements are
independent if the fact that one has information on the values taken by one of
them does not modify the probability law of the second. Without studying when
and how it will be possible to define conditional probabilities, the immediate
generalisation of the definition of independence of two random variables gives a
definition of random elements.

Let py, 1o, A be measures defined on %1, %5 and %, x %, respectively, and
such that

Pr[X; € Aq] = pi(Ay) for every A, € F1,
Pr[Xs € As] = pa(As) for every A, € %5,
Pr[X1 € Al;Xz S AQ] = A(Al X AQ)
Definition. — Two random elements X; and X, are independent if, for any

Al S ﬂl and A2 c 922

\Pr[xl € Ay Xy € Ag] = Pr[X; € Aq] x Pr[Xs € Ay \

or

[ACAL x Az) = (A1) X p(Aa),

that is to say, if, in the product space, the measure is the product of the mea-
sures.

The definition immediately extends to any number of random elements:
X1, Xs, ..., X, are mutually independent if

AMAI XAy x X Ap] = wi(Ar) X . X g (Ay), for Ay X ...x A, € F X...x F,.

Strictly stationary sequence. — By analogy with the case of random vari-
ables, we will say that random elements X,, form a strictly stationary sequence
if, for any positive integer s, any integers ni,ns,...,ns and any integer h, the
probability law of the random element X, 41, Xnyth, -y Xn,+n does not depend
on h.

II. — STRONG LAW OF LARGE NUMBERS WITH RESPECT TO
WEAK CONVERGENCE.

THEOREM 1. — If 27 is separable, if X1,Xo,...,X;, ... is an infinite sequence of
mutually independent random elements in 2 with the same law, if E[||X;||]] =
M < 400" and if E[X;] exists, — we can then, without loss of generality, assume

E[X,] =0 -
1 n
Y, =-3'X;

(1) 2°* being separable means 2" is separable and, as a consequence, [|IX]|| is measurable.

11



converges weakly almost surely to 0 when n converges to infinity.

As Z'* is separable, let {z}} be a dense sequence in 2"*:
* 1 - *
2 (Yn) = " Z%(Xm
i=1

x5 (X;) is a numerical random variable with zero mathematical expectation; in
fact, just from the definition:

But E(X;) =0, so

SO

almost surely for any given k (classical law of large numbers).
So it is almost sure that for every k, z}(Y,) converges to zero.
If x* is any linear functional in 2™, we have

@ = ak + Y
and k can be chosen such that ||y} || is as small as we want, since 2 * is separable.

a"(Yn) = 23(Yn) + yp (Yan),
|2 (Yn)| < fag (Yn) + [lyzll - [[Ynll.

But here,

1 n
IYall < S TIKl
i=1

and:

1 n
— ZHX1|| converges almost surely to E[||X;|]] = M
n
i=1
(the classical law of large numbers).
Hence, on an event of probability 1,

2" (V)| < [23(Yn) + [l27 — 2]l - (M + ¢),
for any given ¢ > 0. It suffices to take k such that

lo* = aill <
- —

M oM
and then n large enough such that

€
* Yn =
7 (Yl < 3

to have
|*(Y,) <, so 2" (Y,) =0,

12



so Y, converges weakly almost surely to 0.

THEOREM 2. — If 2 is separable and reflexive, if ...,Xq,....X;,... form a
strictly stationary infinite sequence in two directions — which contains the par-
ticular case where X; are independent and identically distributed — if E[||X;||] <
+o0o — and so E(X;) exists — :

1 n
Yn:E;Xi

converges weakly almost surely to a limit Y as n converges to infinity.

For every given z*, the sequence of numerical random variables x*(X;) is
stationary and E|z*(X;)| exists, because

|2* (Xa)| < [l"|] - 1%

and by the hypothesis that E[||X;||] exists; so, by Birkhoff’s ergodicity theorem,

% > (X)) =a" % > Xi| =2 (Ya)
=1 i=1

converges almost surely to a limit .Z(z*).
On the other hand,

1 n
Yall < > oIl
=1

The sequence of random variables ||X;|| is stationary, and E[||X;||] exists so
L3 L |IXi |l converges almost surely to a limit, so almost surely stays bounded;
so on almost every outcome u, ||Y,,|| stays bounded.

As 2" is separable and reflexive, so is 27 let {x}} be a dense countable
sequence in 2"*; according to above, it is almost sure that all the z7(Y,) con-
verges to a limit £ (7).

Let z* be arbitrary in 27*; there exists 2} such that ||z — 27| < ¢; we have
(1) a"(Yn) = 25 (Yn) + [z7 = 23)(Yn).

*

%(Yn) has a limit, for any j, and [[Y, ||

Save for an event of probability zero, x
is bounded, independently of j; as

|[2* — 23] (Yu)| < ellYall

and as ¢ can be arbitrarily small, 2*(Y,,) converges.

So it is almost sure that all the z*(Y,,) simultaneously has a limit .Z(z*). To
prove that Y,, converges weakly almost surely, we need to show moreover that
there exists a y € 2", which is random according to the outcome considered,
such that

x*(y) = ZL(x") for every z*.

But for the outcome in consideration [£Z(xz*) depends on this outcome],
Z(x*) is an additive functional of x* on Z™*, which is obvious. It is, moreover,
a continuous functional; to show this, we need to prove that

|-Z(z")] = 0 if ||«*|| — 0.

13



This is true if 2* is an z}, because:
|-Z (%) = lim |23(Y,)| < limsup|z}(Y,)|
J n—oo 7 n—00 J

< [J3 [ Tim sup [ Yo |
n—oo

and we saw that limsup|[Y,|| is bounded, independently of j.
For an arbitrary z*, we have

2 (@7)] < lim supla5 (Yn)| + €[ Y]

by (1).

We just saw that lim sup|x(y,)| converges to zero if [|2}|| — 0, which is the
case if ||z*|| — 0; as ¢ was arbitrarily small, .Z(z*) — 0 as ||z*|| — 0.

So .Z(x*) is a linear functional on 2™* and then as 2" is reflexive, for every
linear functional £ (z*) on 2 ™* there exists a y € 2~ such that

ZL(z*)=2"(y) for every z*,

so Y, converges almost surely weakly to a limit Y.

Remark. — We saw that when the X; are independent, £ (x*) = E[z*(X;)]
for a given z* is a fixed number; but when X; form some stationary sequence
for a given z*, £ (x*) is a random variable.

[0 4
III. — STUDY OF AN AUXILIARY SPACE 2% .

Let 2 be any Banach space. Let us consider random elements X, taking
their values in 2, such that 2*(X) is measurable for any z* — that is to say, the
random elements are defined by an L-measure on 2~ — additionally satisfying
the condition Cg:

Condition Cy. — || X|| is measurable, and for a given real number o > 1,

E(]X]|*) < 400 (which implies that X is a random element in the proper sense).

24
We associate to 2" the space 2 defined in the following way:
Every random element X whose values belong to a space &2 satisfying the
above conditions will be considered as a point denoted by the same letter X

9 x
with the letter a on top: X, of a normed space 2, by letting:

1) ]| = i,

x
The zero element of 2~ is 8 corresponding to X almost surely equal to 0.

Addition and multiplication by a scalar will be defined in 5? in the following
way:

1° If k is a number and if X defines X, kX defines & X.

x [0 4 [0 4 o
2° If X1 and Xy define X; and X5 respectively, X; + X5 defines X; + Xs.
As % is a Banach space, kX and X; + X5 are well-defined.

14



Finally, 32” will be metrised by letting

x x o4
d(Xy,Xz) = || X1 — X

24
With this definition, 2" is hence vectorial and metric, and we will see that
(1) does constitute a norm; indeed:

x
10

X

is a positive real number (because, of course, it is the positive value

that will be taken in [E(]|X]*)]%);
[24

2° ||X|| = 0 if and only if || X|| = 0 almost surely, that is to say, if X = 0

X
almost surely, so if X=0;

5 1 X = it = o = - [%]

)

[+ 4 o [0 4 (o4
4° ||1X1 + Xof| < [|X1]|| + [|X2]|, because

(o4 (o4 1

Xi + Xa|| = [E([[X1 + X2 *)]*;
here,

X1+ Xof| < [ Xall + [ X2ll,
o)
E[|I X1 + Xofl] < E[[[X1[l] + E[[[X|]

and so

(B[lIXy + Xol|*]) ™ < (BIIX1*)= + (B[|IX2[*)=  [M.Fréchet, II1].

[e4 X
Finally, 2" is complete, that is to say, that if we have sequence of X,, satis-
fying the Cauchy condition:

o o4 . 1
() Xntp = Xul| = [E(1Xnsp = Xal¥)]> =0, with ~

x 04
uniformly in p, there exists an X in 2" such that

24 24

X, — X|| — 0.

In the course of the proof, we will use the following lemma;:

FAaTOoU’S LEMMA. — If numerical random variables X,, are positive or zero,
if Y = liminf,,_, o X,, and if liminf, ;o E(X,) = M < +oo, E(Y) exists and
is <M [P.R.Halmos, I, p.113].

&9
1° Construction of X. — Let s, be numbers such that

sp > 0, Zsk<—|—oo
k

15



and ¢ positive numbers such that
€
E % < 400.
S
k k
By virtue of (2), we can define a sequence of increasing integers ny, such that

(3) E([Xy,4p — X, |%) < e for all p,

in particular,
E(HXnkJrl - XnkH(X) < €k,

and by Bienaymé’s inequality,

€k
Pr(HXnk+1 _XnkH < Sk) >1-— 570‘
k

By the Borel-Cantelli theorem, almost surely, the events
[Xnp+1 — Xl < sk
are realised for all sufficiently large values of k (because ), & < +00).
k
As 2 is complete and ), sp < 400, X, has a limit X as k — 4o00; we

have
X | = [1X]]-

[24
The E(|| X, ||%) are bounded, because the X, are bounded, so, by Fatou’s

lemma, E(||X]|*) < 400; moreover, z*(X) is the almost sure limit of z*(X,, ),

[24
so *(X) is measurable. So X defines an X in 2.

2° By passing to the limit in (3) (p — +00), we have (by Fatou’s lemma),

x x
0 BIX - Xo I <er o %Ko < (00t
x x

Studying ‘ X, — X' , we have

29 x (29 (29 x @

Xn_X S Xn_Xnk + Xnk -X

X X 4 X

Let us take ng, > n; if n — 400, ||X,, — X|| = 0by (4) and also ||X,, — X,|| —

X 04
0 by hypothesis, so X,,—X.

Q.E.D.

We can therefore conclude:

x
THEOREM. — Under the conditions specified above, 2 is a Banach space
(oe>1).

[24
Definition. — An element X of 3% will be called countable if the corresponding

X only takes countably many distinct values x1, xs, ..., z;,... and if the event
X = x; can be given a probability.

16



The following terminology will be employed (measure theoretic instead of
probability theoretic): u denotes an outcome; e a set of outcomes; % the set of
all possible outcomes; p(e) =probability that the realised outcome belongs to
e; u(e) is a measure on % . If e; is the set of u for which X = z;, saying that
the event X = x; can be given a probability is equivalent to saying that e; is
measurable (with respect to p); a random element X in 2" can be defined as a
function in wu; if, at each u [except perhaps for u in a set e with p(e) = 0] we
associate an z, say z(u), of 2", this defines an X: the probability that X belongs
to a set h C 2 is the measure p of the set e of u for which z(u) € h; for X to

x
define an X, we obviously need z(u) to have suitable properties: that z*[z(u)]
is measurable and

/ () | %dis < +ov.

If the x(u) only take countably many distinct values x1, ..., x;, ... and if the set
e; of u such that z(u) = x; is measurable for any i, z*[z(u)] is automatically
measurable; it then suffices to have

> nle)llz|* = /Hx(U)Il“du < 400

%

x
for X to define a countable X.
Let us suppose that 2" is separable; let {z;} be a countable dense sequence
in Z7; for an arbitrary € > 0, let A; be the set of = such that

o — ;] <€
and let B; be the set defined by
Bi=A;, Bj=A-A;jAi+A+..+A,) (J=>2).

The B; are disjoint and naturally

YBi=) A =2
J J

o X
For X (X), let X’ (X') be defined in the following way:
X'=z; when Xe€B;.

X’ only takes countably many values; moreover, | X — ;|| is measurable, that is
to say that Pr[X € A;] exists, so Pr[X € B;] exists, so the set e; of u for which
X = x; is measurable. Furthermore, we always have:

IX' =X <e,

SO
E(IX" = X||*) < e,
X x

which proves that E(||X'||*) < +oo, that X’ is countable and also that X' is

x
arbitrarily close to X in 5%

17



Study of linear functionals on 32(” when 2 is separable and reflex-

X
ive, « > 1. — Let an X (X) be equivalent to a function z(u) of u; to each u
let us associate a7 as a function of u (which is equivalent to defining a random
element X* in 27*); let us assume that z7 satisfies:

1° 2% (z) for each fixed x € 2 is a measurable function; this means, as we
will see (page 21), that ||z%|| is measurable.
2° [l ]| FTdy < +oo.

X X
We then easily prove that x}[z(u)] is measurable, for every X€.2™ and that

/|a: w)]|dp < +o00

by virtue of Holder’s inequality [F.Riesz, I, p.44].
So:

(5) (/@ummm:EMWM}

. & X
exists for every Xe 2.

[0 8
It is easy to see that it is a linear functional in X, the proof involves only
the fact that 2 is separable.

x
Conversely, if 2" is separable and reflexive, every linear functional X on éﬁ
is of the form (5). Indeed:

X X
A. Let us take an X*; let us consider an X (X) such that X = z for u € e,
where e is any measurable set, and X = 0 for u ¢ e (it is clear that such an X

X
defines an X).
& &
For a fixed e and varying z, X* (X) is a numerical function in z; it is

evidently an additive function, it is also a continuous function, because
(29 o4

2% [0
so if ||z]| — 0, |X* <X>

X

(6) X* ()] = [,

<

X 9
-

B = X

9

X
— 0, so X* <X) is a continuous and additive func-

tional, with z*(e) belonging to 2™*; naturally z*(e) depends on e; x*(e; ) will
denote the number obtained by applying z*(e) to z € £ . Thus, there exists a
function of sets z*(e), with values in 2™, defined for every measurable e: x*(e)
is an additive set function.

Let e; and ey be disjoint; let 1 and zo be two points in 27; let Xy = z
foruEel,Xl:0foru§éel,X2—ngorutEeganng:0foru¢eg

X = X + X5 defines X X and X5 define X1 and Xg, and

o o (o4
X=X + Xy,

[0 o4 o [0 [ [o4
JORIORIS
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and from above,
x o
(7) X* <X> =z"(e1;21) + 2" (e2; x2).
But let us now take z = 1 = x; then
(28 04
X* (X) =12"(e; + ez;2) [definition of z*(e)]
and by (7),

x*(e1 + eg;x) = x*(er;x) + 2% (eq;2)  for any x,

which is to say
x*(e1 +e2) = x*(e1) + 2" (e2);

x*(e) is a completely additive set function.
Let ey, ..., €j, ... be a countable family of pairwise disjoint sets and z1, ..., ;, ...
a sequence of points in Z’; let X; be the random element which takes the value
zjifu€e;and 01if u ¢ e;. Then
Y,=X; +...4+ X,, belongs to 3?” .
X
Let X (X) be defined by X =}, X;, if we take the z; such that

D ules) -l 1 = B(X[*) < +oo.

&9
Then X belongs to 5% , it is countable and

24 [24
X= lim Y,,
n—-+oo
x x x X n
X* (X) = lim X* (Yn> = lim z*(ej3x5),
n—-+00 n——+00 £ 1
i=
by above.
Choose z; to be the summit of z*(e;), i.e.
lzjll =1 and 2™(ej;25) = [[«"(e;)]-

such a summit exists if 2 is reflexive. We then have
o « n
X (1) = Sletenl.
j=1

So the series with positive or zero terms > ,||z*(e;)|| converges. Let us now take
the z; to be all equal to some z. Then

X
X* <§> =z* Z ;T [definition of z*(e)]
J
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and by above,

2| Y e | =D 2t (e ),
J

J

where the series on the right-hand side is absolutely convergent. Now this
implies

z* Zej = Za:*(ej), with ZHQS*(QJ)H < 400.
J J j

J

B. Reminder of the Radon-Nikodym theorem [P.R.Halmos, I, p.128]. — If
L(e) is a bounded, completely additive and absolutely continuous numerical set
function, there exists a numerical function A(u) such that we have, for every
measurable e,

A(u) is finite almost everywhere, and it is clear that we can change it on a set
of measure 0 without any harm (which would prevent the proofs if 2" is not
separable).

By A, z*(e) and, as a result, 2*(e; x) for any fixed z, is a completely additive
set function of e, and by (6), absolutely continuous [||x*(e)|| and |z*(e; )] — 0
if u(e) — 0 for any fixed z].

By the Radon-Nikodym theorem, for any z, there exists a measurable nu-
merical function in u, and obviously a function in x, K(u;z) such that for any
measurable e, we have

r(esn) = [ Kusa)du

As X is separable, let (z;) be a dense countable sequence on a sphere of radius
1 in Z7; assuming the numbers a; appearing henceforth to be rational, every
point of the form 2521 a;jx; (with k finite) is said to be an 2/, and the set 2"
of the 2’ is countable and dense in Z'; we can assume the z; to be enumerated
in a sequence {z’}.

Let K;(u) = K(u; z;); for every z € £, so for every z of the form Zle a;x;,
let us set

h(u;x) = a;K;(u);

Jj=1

for every fixed u, h(u;x) is obviously an additive functional in z, defined for
x € 4 and possibly infinite, but only for the u in a set of measure 0 and
independent of z [it is the set of values of u for which some of the K;(u) are
infinite]; let us set

A(u) = sup 7|h(u,x)|

(for any fixed u).
vez |zl

Let us remark that for any fixed z in 27, is a measurable function in

[E]
u since K;(u) is; as 2 is countable, A(u) is thus also measurable [P.R.Halmos,
I, p.84].
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Take any ¢ > 0. Then we can find an x;(u) such that (by definition of the
supremum)

a z1(u) € Z7;

b [|z1(u)| = 1;

c. |hlu;z1(w)]] > AMu) — e.

Now by setting

x(u) = x1(u) if hlu; z1(u)] >0

and
x(u) = —x1(u) if hlu; z1(u)] <0,

we obtain an z(u) such that
a. z(u) € Z7;
b [x(u)]| = 1;
c. h(u;z(u)) > Mu) — e.

[24

Let X (X) be defined by x(u); I say that this is countable. Firstly, E(||X][|*) =
1 < 400 (|| X|| being equal to 1 is measurable); then X only takes countably many
values, namely the x;.; we now need to check that the set e; of the u for which
r(u) = x’; is measurable; let ¢/ be the set of the u for which

g
5]

M) S ) e

e’ is measur-

As the two sides of this inequality are measurable functions of u, ;

able; let e be the sets defined by
el =€, ef =ej —ejley + ... +ejy).

The € are measurable. Choose x(u) = @; if u € €7/; by above, the /] are pairwise
disjoint and >, €7 = %, which justifies the operation; then €7 is measurable.
We saw previously that when X is countable, we have

x &
X* <X) = Zm*(ej;xg).
J
But by the definition of h,

x*(ej;x;-):/ h(u; ) dp

J

. ;L
and since, on e;, ¥’ = x(u), we have

X (%) -3 / plusolwlan = [ s> [ )~

w

o

x
as ¢ is arbitrarily small and X* (X) is finite, we have
/ Alu)dp < +00
4
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[A(u) is obviously positive or zero|, so A(u) is finite almost everywhere. So,
apart from some exceptional values of u, h(u;x) for fixed u is a continuous and
additive functional on 2Z”; if x ¢ 2" and if z; € £ with z; — z since Z"
is dense in 2, h(u, ;) converges according to Cauchy; let h(u;x) be its limit.
Then it is clear that h(u;z) is a continuous and additive functional defined on
Z with norm A(u).

C. We are now going to show that

/ Au) & Tdp < 4o00.
4

The ideas behind the proof are borrowed from Landau [F.Riesz, I, p.44] and
from above.

Suppose that f% Au) 7 du = +00; we can then find a sequence of increasing
positive numbers by, such that

bri1 N
(8) B, = / Alu)==Tdp > 2551 for every r.
b

r

Let 21 (u) be the summit of h(u;x) considered as a linear functional in ;
and xo(u) the point, if u is such that b, < A(u) < b,41, equal to
1
[A(u) || =T
B, x1(u).

We remark that ||x2(u) is measurable and that, by (8),

/ o ) [ %dis < +oo,
74

and moreover,
e
A=
B, '

Let e} be the set of u for which we have both

hlu; 9 (u)]

oy o L)
(9) h(u; ) > 2 B,

(10) [z2(u)]|* = [l25]% — € (any e > 0)

The e} are measurable since hu; 27], [|h(u)| and ||z2(u)| are measurable; ev-

ery u belongs to at least one of the e;- since, for any given u (save for exceptional

u), there is an x’; arbitrarily close to x2(u); let € be defined by
ef =¢), ef=¢;—¢€j(el+..+e; ).

The €/ are measurable, pairwise disjoint and

fi
" __
E ej—%.
J

22



[0 4
If u € €, let us set x(u) = 2, and let X (X) be the random element defined by
x(u); by above, it is countable since, thanks to (10),

/ ()| *dp < & + / lea () [ %dis < +ov.
74 wu

Since x(u) = z’; on €, we have

X (X) = ol = 3 [ hlusan
zj:/e;/h[“;x(“ﬂdw | platin =3 [ llh(lgll

X (& 1 1 br41=0 o 1
X (x) > 22&/1,,, |57 = 5 31 =

which is impossible, so

é/llh(u)llﬁdpL <+oo  [[[A(w)]| = A(w)].

X
D. The above work shows that if X —X — z(u) is countable, hlu;z(u)] is
[24 o
a measurable function in wu; take any X —X — z(u); let X,, —X,, — z,(u) be

countable and converge to f& as it was indicated before, that is to say, in such
a way that ||z, (u) — z(u)|| converges to zero uniformly in u; then hlu; z,(u)] is
measurable and converges to h[u; x(u)] which is thus measurable (as a limit of
measurable functions).

We conclude from this that

| bl
w

&9
makes sense for any X —X — x(u), because

| aas< [ Ao

It then suffices to apply Hélder’s inequality to see that

[ Wil swan < +oc
4

knowing that

/}\(u)ﬁdp<+oo and /Hx(u)||°‘du<+oo.
w u

X* (5'&) _ [Z/ s () du;

23
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x o x
this is true if X is countable, as we have seen before. If X is arbitrary, let X,,
x
be countable and converge to X.

x x x X
X* (Xn is equal to [, h[u;x,(u)ldu and converges to X* (X) But if

Zp(u) = 2(u) uniformly in u, which is possible since

/ AMu)dp < 400,
u
we then have that

| psalan— [ v

(11) )g* (%) = lz/ hlu; z(uw)]dp.
Q.E.D.

The case o« = 1 is only different from paragraph C onwards, but the proof
is simpler; in the case &« = 1 and under the hypothesis that 2™* is separable,
the result was obtained by Dieudonné [J.Dieudonné, I, p.38]. In collaboration
with M. Fortet [R.Fortet and E.Mourier, I], we could extend the above results
for & > 1 under the hypothesis that just 2 is separable.

IV. — STRONG LAW OF LARGE NUMBERS WITH RESPECT
TO STRONG CONVERGENCE

Reminder of Birkhoff’s ergodicity theorem®. — If ordinary numerical
random variables X form a strictly stationary discontinuous chain and if E(X;)
exists, the arithmetic mean Y, = % converges, as n increases indefi-
nitely, almost surely to a limiting random variable Y.

Now let X be a random element taking its values in a separable Banach space
Z, such that z*(X) is measurable for any fixed z* and such that

E(IX]) < +oc.
Let us consider a strictly stationary and discontinuous sequence Xj.

1%t Case. — The X, only take a finite number of distinct values z1, ...,z
(the same values whatever s is, because of stationarity).

Let A’ the (ordinary) random variable, which equals 1 if Xy = z; and 0
otherwise. The set €] of events for which X = z; is assumed to be measurable;

is independent of s because of stationarity. For a given j, the AZ form a strictly
stationary sequence of random variables, so

n—oo

1 .
almost surely, - Z A7 — alimit L7.
s=1

(®)1n [Kolmogorov, II, p.367], one can find a proof of Birkhoff’s theorem that simplifies
Birkhoff’s original proof [Khintchine, I, p.485], as well as a simple probabilistic proof.
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It immediately follows that almost surely, %22:1 X, converges strongly to
Zle L7z; when n — oco.
More precisely, we see that

n k
E %ZXS—ZL%J- — 0.
1 1

2nd Case. — The X, only take a countable number of distinct values z1, ..., Ty
(independently of s) and the event X, = x; can be given a probability.

Let Xi be the random element defined by Xi =X, if X, =21 or 29 or ...
or Ty; Xi =0if Xy = 2441 or 2449 or ... The Xi are of type studied in the first

case; so, except for the s in a set e; such that p(e;) = 0, we have

1 n
lim = Z X! = A,
s=1

n—+o0o N

(some limit dependent on the ¢ under consideration).
Let us set
X, = X! +RY;
R’; is equal to 0 or to x¢41, Tit2, ...
If P; = Pr[X, = ],
E(R:) =D Pyllall.
j>t

The hypothesis is that
> Pillz;l < +oo,
J

SO
E(JRY) =0  if ¢ — oo,

n

1 1 — 1 —
12 =Yy Xy==-) XL+ =Y R,
= PR PP

s=1
1 & 1<
CSTRI| < SUIRY.
s=1 s=1

The |RE|| for any given ¢ form a stationary sequence of ordinary random
variables; so, unless u € e},

1 n
ale) =0, = STIRL — My(=0)
s=1

and, by Fatou’s lemma, since

1 n
E| =) IRl | =E(RI) =) Pjlle;|l independently of
n;n { (IRLI) = S_Pjllay||  independently of n,

j>t
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we have
E(M,) < Pjlla;l = K; > 0;
>t

we can thus find an increasing sequence of t, t1,to, ..., ty, ..., such that
ZKtV < 4’007
S

so, by the Borel-Cantelli theorem, the sequence of random variables M, (v =
1,2,...) converge almost surely to 0.

Let
T ST
t ¢
let € be the set of u for which M;, does not tend to 0. Then

n(e) = u(e’) = u(e”) = 0.

Finally, let ¢ = e + ¢’ 4+ ¢” and let u be any outcome with u ¢ €. Then we
can take v sufficiently large so that, for the u considered, M;, < g, and with

this fixed v, we have
1 n
=Y IR < 2¢
n
s=1

and, as a result,
1 n
— Z R’;V < 2¢
n s=1

for all n sufficiently large.
On the other hand,

1 n
— E X Ay, when n — +o00;
n

s=1

by (12) with ¢ = ¢, we have, as € is arbitrary, that 1 Y- | X, has a limit
y(u) (strong convergence) for this u. Hence, this is true for all the u ¢ e
where p(e”) = 0, so £ 3" | X, converges strongly almost surely. If Y is the
random element defined by y(u), we have, for each fixed x*, a measurable func-
tion 2*[y(u)] of u, as an almost everywhere limit of z* [1 3" | X,], which is
measurable. Then as £ is separable, |y(u)| is measurable, and by Fatou’s
lemma,

- RS
E(w):/%||y(u)||du<h%mf/%‘nzxs du < B(||X,[]) < +oo,
s=1

and we have the following theorem.

THEOREM. - If the X, in the stationary sequence only take a countable
number of distinct values 1, ...,xj,... and if the event X, = x; can be given a
probability, almost surely %22:1 X converges strongly to a limit Y which is a
random element of type Xs, that is to say, that *(Y) is measurable and

E(Y) < +o0.
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3'd Case. — The X, take any values.

Since 2 is separable, let [z;] be a dense countable sequence in 2.

Let v be any integer and A} the set of the x € 2" for which ||z — 2| <
Let B} be the sets defined in the following way:

1
v

BY = A7, By =AY —AJ(AY +..+A],) (1>2).

The B} are disjoint and } ;B =37, A7 = 2.

Let &, be the transformation which associates to every x € £ some y =
Z,(x) by the rule

y=x;j if z € BY.
We always have
1
|2() ~all < -

Let X be a random element, of the type considered, on 2. We associate a

random element X" with it, by

XY = Z,(X).

It is clear that XV only takes a countable number of distinct values, that
XY = z; can be given a probability, and that

E([[XY = X])) <

)

2=

more precisely, we surely have

1

XY =X|| < =
"

As X4,Xa, ..., X;, ... is a strictly stationary sequence, the sequence of the X} =
Z,(X,) is strictly stationary, and we have

LYK= YK 4 XY X
s=1 s=1

We have surely
1 « 1< 1
Y XY -XJ[ =D IXY X << for any n.
n s=1 n s=1 v
For any, but fixed, given v, we saw that £ 3", XY converges strongly almost
surely (2 case above), that is to say, with the exception of

U € ey, with w(ev)0.

If we consider

ugée:Zev, u(e) =0,

L5 XY converges for any v, and as a result, we have that £ 3" | X, con-
verges strongly almost surely to a limit Y [it is clear that z*(Y) is measurable
and E(||Y]]) < 400 as in the above case|. Hence:
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Strong law of large numbers. — If 2" is separable, if every z*(X;) is
measurable and E(||X,]|) < 400, and if X;,Xj, ..., X, ... form a strictly station-

1

. . n
ary discontinuous sequence, then almost surely the mean -~ 3 " | X, converges

strongly to a limit Y which is a random element of the same type as the X;.

Remark 1. — We did not assume that 2 is reflexive, and we did not assume
the existence of E(X,). Remark that if = " | X, converges strongly, a fortiori
it converges weakly. Moreover, if the X are independent and have the same law
(a particular case of a stationary sequence), the x*(X;) will also be independent
and of the same law; also,

2" (Xs)| < [l [] - X5l

so E[X;|| < +oo implies the existence of E[z*(X;)]. But, by the preceding
theorem,

1 n
= Xs| =— *(Xs) = 2" (Y Imost ly,
x nSEZI ( E ¥ (Xs) = 2*(Y) almost surely
but, by Kolmogorov’s theorem,

1 n
— g z*(Xs) = E[z*(X,)] almost surely,
n

s=1

SO
E[z*(Xs)] = 2 (Y).
Thus, just by the definition of E(X), X, has a mathematical expectation Y,
S0:
THEOREM. — When % is separable, E(||X||) < +oo implies the existence of
E(X).

This theorem is an interesting existence theorem of Pettis integrals; it gen-
eralises the theorem of Chapter I (page 6), where £ was assumed to be not
only separable, but also reflexive.

Remark II. — When the X are independent and of the same law, the limit
Y of L 3" | X, is the mathematical expectation E(X,).

V. — STRONG LAW OF LARGE NUMBERS IN MEAN OF
ORDER <.

Ergodic theorem of Yosida and Kakutani [Yosida and Kakutani, I]. — Let
T be a bounded linear operator which maps from a Banach space 2 into itself
and such that |[T"|| < C for n = 1,2, ... (where C is a fixed number independent
of n).

If, for x € 2, the sequence {x,}, where

1
Ty = —(T+T?+ ...+ T,
n

n = 1,2, ..., contains a subsequence which converges weakly to a point T € 2,
the sequence {z,} converges strongly to this point Z.
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If we denote by T the operation z — Z, T; is a bounded linear operator
which maps from 2" into itself and

TT, =T, T=T7=T,.
We will apply the following theorem:

Let {Xi}i:(oﬂigim) be a strictly stationary sequence of random elements
with values in some Banach space 2" such that

E([[Xi]]%) < +oo;

(o4 (o4
let X; be the corresponding elements in 3? . Then these X; define in 3% a closed

x
linear manifold 2™ which is itself a Banach space (it is a subset of 3% , it is even
a separable subset).
We will need to know the form of the linear functionals on this linear mani-
fold; now, in Paragraph III, we found the general form of linear functionals on

[o9
2 ; but, taking into account the extension theorem of linear functionals on a
linear subspace to the whole space with conserved norm [E. Hille, I], we will be
able to use this result.

x x
The X of the form Ele a; X;, where k is finite and arbitrary and the a; are
x o o @
some numbers, form a non-closed subset 2" of Z”; 2" is the closure of 2.
o (o4
If X is in 2", so of the form

let us set
o (o4 k (o4
(13) Z=T (X) = Zai Xit1:
i=1

x
T (X) is an operation which is obviously additive, and by virtue of stationarity,

we have
k « k «
E(|Z]*) =B [ |>_ aiXin =E [ D aX; = E(/[X[%),
i—1 i=1
SO
(o4 (o4
(14) ]z _[g].

09 X
We need to see whether Z is defined uniquely. If X only admits one representa-

[0 4 x
tion of the form Zle a; X;, uniqueness is evident; but suppose that X admits
two distinct representations of this form, for example,

Z a; %l and Z a; X;
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(we can always assume that k is the same for both forms); with (13), we will

o x
obtain two transformations of X, Z and Z’ given by

[ o« ) , &
7= a; Xi+1; 7= E a; Xi+1 .
i=1 i=1

x [
But Z and Z' are not distinct; indeed,

%: Zai %i: Za; %z

i=1 =

—

implies that, by setting b; = a; — al,

[0 4

k
E Z b; X, =0.
=1

So, by virtue of stationarity,

x

k
E (D] 0iXin =0,
i=1

o« [0 4
which is to say that Z=7'.

04 X 04 X 04
Now take any X in 27; there is a sequence X;€.2™" converging to X, which,
by Cauchy, implies that

x x
when n — o0, Xnt+p — Xp|| = 0,
with %, uniformly in p. We then have
(04 x x x x x
T (Xn+p> —-T (Xn) =T (Xn+p — Xn) = | Xptp — Xp by (14).

&9
So T (Xn> converges to a limit which, by definition, we will call T <§>

X

[o4 X &9
T (X) depends on X, but obviously not on the sequence X,,; T (X) is then

o
a transformation defined on 27; it is immediate that it is linear, continuous and

that
o
(%)) -

24

T =1 (more precisely, X

)

and, as a result, for all n,
[T = 1.
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The theorem of Yosida and Kakutani then gives us the following statement: let
x

o4 x .
XeZ2/ it Ly T <X> converges weakly, it converges strongly.

In particular, let us take
o x [0 4 o X [0 4
X=Xy, T (X) =X9, ,.., T <X> =Xn11 -
Then we have that, if
I, (& 1
ZT@J<&+&++&H)
n = n

converges weakly, it converges strongly, which is to say that there exists a random
element L such that

[0 4

) — 0.

. 1 .
It suffices, moreover, that there exists a subsequence of % Z:L:Jrz X; which con-

(15)

X L+ X,
E(H et X
n

x
verges weakly; this will be the case, for example, if 2" is weakly compact, so

X
in particular if 2" is uniformly convex.

Note that the existence of E(X;) is not assumed, likewise E(L) is not assumed
to exist, but if 2" is separable and reflexive, E(X;) and E(L) exist (cf. Chapter
I, page 6) in any case, when E(L) exists, L does not reduce to the almost sure
element E(L). In all cases, we have the following properties.

Property 1. — If E(X;) and E(L) exist — so in particular if 2 is separable
and reflexive — we have E(L) = E(X;). In fact, we do not lose generality by
assuming E(X;); then

1 n
— —E(L
exists, but
1 & 1 &
- X;—L|||<E|- X;—L

which tends to zero by (15); so

E(L) = 0 = E(X,).
Property 2. — When (15) holds, for any z* € 27,
X Xn
[

converges in mean of order o, hence also in probability, to z*(L); E[z*(X;)]
exists, because E||X;||* < +o0; if the X; are independent the z*(X;) are also
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independent. Then, by Kolmogorov’s theorem,

n

1
— Z z*(X;) = Elz*(X;)] almost surely
n-

S0
z*(L) = E[z"(X;)] almost surely,

in other words,
z* (L) = E[z*(X;)],

except for the u belonging to an event e of zero nu measure, but e can depend
on x*.

But let us assume that 2™ is separable and let {z%} be a dense countable
sequence in 2*. There exists e independent of j with p(e) = 0 such that for
all u ¢ e, we have

2}(L) = Bl (X))

Let x* be arbitrary and z} such that [[z* — 27| < e. There exists a set ¢’ such
that p(e’) = 0 and such that if v ¢ ¢/, |L]| is finite [since E(||L||) < +oc]. Then
we have

[Ele™(Xq)] = Bl (X)]| < eB([[Xq]),

|z* (L) — E[z*(Xy)]| < |(z" — 27)(L) + 25 (L) — E[2}(X;)]
+ Efz} (Xy)] = E[z*(X3)]]

< eB|[Xy[| + eB([L[ + |25 (L) — B[z (X:)]];

ifuée +e,
j(L) — E[z7(Xi)] = 0,

J

which means
|2* (L) — E[2"(Xy)]| < ellL|l + eE([|1X]])

and as ¢ is arbitrarily small,

As a point L in 2" is entirely determined by the set of the values of z*(L),
L is an almost sure random element [ satisfying

2 (1) = E[a" (X))

for every z*, which proves that the X; have mathematical expectation [ and
that % Yo, X; tends “in mean of order «”, hence in probability, to I.

¢4
Application 1. — % is the real line, 5% and 2" are then the space L*
which is uniformly convex if & > 1, because a random variable is equivalent to
a numerical function f(u), then (15) can be applied (Yosida’s theorem reduces
in this case to Birkhofl’s theorem); hence, we have the following theorem:

Let {X;} be a strictly stationary sequence of random variables, with

E(||X;]|*) < 400 (e >1).
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. 1 n .
Then its temporal mean - >\ | X; converges in mean of order «.

The result is known for & = 2 under the less strict condition of only station-
arity of order 2, but here we can also avoid strict stationarity for & = 2, or even
«, and maybe for any «. For an arbitrary «, the theorem is perhaps novel.

It can immediately be extended to the case where the X; are random vari-
ables in several dimensions.

Application 2. — Assume that 2" is the space L™; an X; is a numerical
function f(t) of a variable ¢ such that

/|f(t)|°‘dt < +oo,

but this function f varies with u; we can thus consider a function f(u;t) in two
variables u and t; we have

/\f(u;t)|°‘dt < 400,
but the hypothesis E(||X]||a) < +o0, given

IXI1* = [l
is equivalent to

//|f(u;t)|"‘dtdu < 400

which shows that 9? is the space L* of numerical functions in two variables u
and t, so it is a uniformly convex space and (15) can be applied.

This case is an extremely important case of random functions, and moreover
is a particular case of the following, since 2" = L% is reflexive, for o« > 1.

Application 3. — Assume that 2 is separable and reflexive, which means
that (11) holds, let
y, — 22 + o+ Xpp
n

and let ¥, (u) be the value of Y,, for the outcome u. We are going to show that
29

Y, converges weakly. Save for some exceptional u, by a preceding theorem,
yn(u) converges strongly, so weakly to a limit y(u), which implies that

hlu; yn (w)] — hlu; y(u)];

hlu;y(u)] is a measurable function in u, as the limit of hlu;y,(u)] which is
measurable (see above). We will show that
x X

(16) X*( n):/q/h[u;yn(u)]du—)/@/h[u;y(u)]du.

Let o7 be the set of u for which we do not have an upper bound |y, (u)] < A;
as yn(u) converges, save for exceptional u, towards a limit y(u), the y,(u) are
uniformly bounded in n; so if we take A large enough, u(«) < ¢; we have

’/ﬂ h[u;yn(U)]dp’ SLA(U)|‘yn(U)|}dH
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and by Holder’s inequality,

o oo [ ] [ ool

<[ [ rwza] T [ ol ol
[ ] ]

independently of n; moreover,

RI=

But

2|~

= [IYnll = [E(X[I*)]* < +00

/ Au) &1 dp < +00;
u

if we replace A by A" > A, o is replaced by @/’ C &7 and u(«/) — 0if A — +o0;
this means that by taking A large enough (e small enough), IQ{ ?\(u)ﬁdu is
arbitrarily small, hence so is [, h[u,yn(u)]du and this holds uniformly in n.
Simultaneously and for the same reasons, [ _ hlu;y(u)]du is small, because for
any n:

L!h[u;yn(U)HduS [/%?\(u)a(xldu}

| A yn (w)]]| = |Rlu; y(u)]| almost everywhere;

L_l[E(HXiH"‘)ﬁ =C (Holder),

so by Fatou’s lemma,

(18) /% |hfus y(w)]] dyt < C,

so as p(e) — 0,
[ byt o,
o
Likewise, let # be the set of the u for which we have A(u) > B, where B is

a positive number; if we replace B by B’ > B, 4 is replaced by %' C % and
w(#) — 0 if B — 400 because

/ AMu) 5T dpu < 400
u

then
/ Au) 5T dp — 0.
B

It then follows from (17) that

/ s o ().
B

is small, uniformly in » when B is large, and likewise by (18),

/ hlu;y(u)]ldpw  is small.
]
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Let = of +PB. On % — A, we have A(u) < B,
the upper bound ||y, (u)|| < A, so |h[u; yn(u)]] < AB.

We can then pass to the limit under the integral sign [ and write

| nwytdn = tim [ bl s
U—-D U—-9D

But our work above then shows that, since A and B can be arbitrarily large,

[0 4

/%h[u;y(u)]duz lim hlu;yn(w)]ldp = lim X* (Y,).

n—-+o0o Y n——+oo

Now, let Y be the random element defined by Y = y(u) for the outcome u.
24
Let us show that Y defines an Ye 5}? , in other words,, that
a. 2" (Y) = 2" [y(u)]
is a measurable function in u for every fixed 2* and that ||Y|| is measurable. The
first point results from the fact that almost everywhere, x*[y(u)] = lim z* [y, (u)]

and that z*[y,(u)] is measurable. As 2" is separable, it follows that ||Y] is
measurable (¢f. Chapter I).

] B(IY") = [ )i < +oc.

We saw that if h(u) € 2™ is such that

1° hlu; z] is measurable in u for every fixed x, which means that ||h(u)|| is
measurable, since 2"* is separable (cf. Chapter I);

90 / ()| 557 dis < +oo,
74

& x
h(u) defines a continuous linear functional X* on £ by the formula

X* (5“() - /q/ hfus (u)]du,

[24
where x(u) is the value of the X corresponding to X for the outcome u. As a
consequence of the above, we have

/ s y(a0)] | < +00
%

for every h(u) satisfying the conditions 1° and 2° above. It suffices to use the
proof ¢ on page 19 again to deduce that

[ Iw@ltdn < +oc,
4
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the role of o being played by ~%*¢ and vice versa, h(u) will play the role of z(u)

on page 19, y(u) that of h(u) on page 19; this “exchange” is normal, as 2 is
reflexive.

(o4
Conclusion. — Since Y defines an Yef%cx’7

| Hustwin =X (Y)

x X
and we proved that, for every X*e€.2™*,

x [od X X
lim X* (Yn) =X* (Y>
n—+oo

x x x
which shows that Y,, converges weakly towards Y; then as a result, Y, which

x
we know belongs to 5? , actually belongs to 2" more precisely, by virtue of a
theorem that says that if a point belonging to a fixed closed bounded manifold
¥ converges weakly to a limit, this limit belongs to ¥.

&9
Yosida’s theorem can then be applied and tells us that Y,, converges strongly

[0 4
to Y, i.e.

. & &
lim ||Y,—-Y
n—-+oo n——+oo

. 1O
= lim |E EZ;Xi—Y =0.

THEOREM. — Law of large numbers in mean of order o.. — If & is separable
and reflexive, and if « > 1, {X;} (x = 0% 1...) denote a strictly stationary

9
sequence of elements X; of 2, there exists an element Y in X such that
x
1 n
Jm B LS XY =0
1=

Remark. — Let us return to theorem 2 (Section II); there, we proved that
if Y is the random element defined by y(u), save exceptional outcomes, v, (u)
tends weakly to y(u), which allows us to say that Y,, — Y almost surely. But
we left the following point in the shade: whether Y is a random element of the
type considered, that is to say, such that

a. *[y(u)] is measurable, for any fixed x*; ||y(u)|| is measurable;
b. [, ly(w)||*du < +oo (in theorem 2, Section II, « could equal 1).

For a, x*[y(u)] is necessarily measurable as a limit of x*[y,(u)] and then
[ly(w)|| is measurable because 2" is separable.
For b, if o« > 1, this was just shown above; for « = 1, we can prove it directly

o
by using the procedure of Landau. 2" is always defined, we cannot find all the
functionals of it(?), but some obvious ones suffice to prove b.

(9 This question is now resolved [R. Fortet and E. Mourier, I].
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CHAPTER III.

CHARACTERISTIC FUNCTION OF A RANDOM ELEMENT IN A
BANACH SPACE.

Definition. — Let z* be any real linear functional; z*(X) is a numerical
random variable X* equipped with a distribution function; the random variable
eX” is equally measurable if, as it is bounded in modulus, it has a mathematical
expectation — the usual characteristic function of X* — ¢ (x*):

o(z*) = E[e™] = E[e™ .

However, this assumes that X* is a random variable in the proper sense. By
definition, X will be a random variable in the proper sense if there exists a
sequence of bounded measurable sets e, € 2 tending to 2 and such that
li es =1
i, mes(er)

If X is a random element in the proper sense, X* is a random variable in the
proper sense. In the case of the measure introduced by M. Fréchet (F-measure,
with condition F’), X is always a random element in the proper sense. In all
that follows we will assume that X is a random element in the proper sense.

By definition, @(z*), considered as a function of x* in Z'*, is the charac-
teristic function of X. [E.Mourier, I and III] [L. Le Cam, IJ.

Remark. — In the case of a Euclidean space R,, with n dimensions, with X
having coordinates Xy, ..., X,,, every linear functional is of the form

(X)) =Xy + ... + v Xy,
where v1, ..., v, are the constants defining =* and vice versa.
In this case, the characteristic function of X has long been

@(v1, ...y vy) = Ble! 1 XatotvnXa)]

= E[e"” X)),

For an arbitrary Banach space, the definition @(z*) = E[e?* )] is thus the
immediate generalisation of the classical characteristic function.

THEOREM 1. — If X and Y are independent random elements defined on the
same 2, the characteristic function of X+Y is the product of the characteristic
functions of X by that of Y.

Let @x, @y and @x4y be the characteristic functions of X, Y and X +7Y
respectively. Then

PxX+y = E[em*(XJrY)]
— Bl () gin” (¥)]
= @x(z") @y (z").
Indeed, e (%) and e (Y) are two independent numerical random variables

and we can apply the classical theorem of the mathematical expectation of the
product of two independent random variables.
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THEOREM 2. — @(z*) is a uniformly continuous function in x*, that is to
say, that if a positive € is given, we can find positive 1 depending only on € such
that

[@(a]) — @(a3)] < e,
provided that
27 — 5] <m.

Indeed:
[o(2]) — @(a3)| = [E[e™1 ] - E[e™2 ]|
< EHeiw’{(X) — eimé(X)”
< E[[e10(1 - eV )],
where

wy = a1 +y.

We thus have ||y*|| < n; let e be such that

mes(e) > 1 — <
3
We have
EHeizI(X)(l _ 6z‘y»«(X))H — / 11— eiy*(x)|dm +/ - eiy*(x)|dm.
TCey rEX —ep

The second term is smaller than 25, because
11— eiy*($)| <2

and m (2 — eg) is smaller than £.

As for
/ 1 — e @ |dm,
rEey

11— eiy*(l’)| <

if |yl < n,

)

w| m

because e is bounded, so there exists M such that on e, ||z|| < M; so
lo(27) — @(z3)| < e.

THEOREM 3. — @(x*) is continuous in the sense of weak convergence in Z*.
As in the previous theorem, we have

\‘P(xi)—ﬁp(mg)lSE|1—ei($3*ff)(X)|:/ +/ ,
[ X —ex

where we again have ej, bounded and such that m(eg) > 1 — %, so the second
term is < 2% as in Theorem 2.

Saying that x5 converges weakly to x7 is to say that for every z**

we have

|z** (x5 — z7)] = 0.
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So for every fixed z, the weak convergence of % to x] implies that
(x5 —z7)(z) = 0.

The measurable and bounded function ¢?(*>~21)(#) thus tends to 1 everywhere
and

/ 11— @2 2)@)|gm — 0.
ek

THEOREM 4. — If E(X) and E[||X|]?] exist'®) the characteristic function
@(x*) of X takes the form

@(z%) = 1 +iz"[E(X)] — %E[Ix*(X)IQ] + 2" Pw ("),

where
w(z*) =0 if [l=*]| — 0.

Proof. — Let z* € 2™ be such that ||z*|| = 1 and =* = Az*, which implies
that A = %||a*||. Let us set U = z*(X). Then
w = E(U) = E[z*(X)] = 2" [E(X)]

exists since E(X) exists. Likewise, E(U?) exists because [U| < [|X|| and E[||X]|?]
exists. _ _ _
o(z") = Ble™ (X)] = B[ (X)] = B[]

As a function of A, @(x*) is thus the characteristic function of the random
variable U, and as a consequence,
* . 1 2\ 2 2 *
where, for every fixed z*, w(z*;A) — 0 if A — 0. But (1) can be written as
. - X *
@(@") = 1+iz"[BX)] = SE[2"(X)%] + [l [*w: ("5 A).

The convergence of w(z*;A) to 0 when A — 0 is uniform with respect to
z*. Indeed, with F,-(«) denoting the distribution function of U, the mean value
theorem gives

1 [T ;
w1 (2%A) = 5/ o[l — eM*dF - (),  where 0 <Ay <A,

— 00

and if M is any positive number,

1 ) 1 +M
wi(25A) = 2/ - o[l — e“‘("x]sz*(a) + §/M .
o> -

Denoting by m the l-measure on 2, the first term of the right-hand side is
bounded by

/ U2dm§/ ||X||2dm§/ IX|[2dm,
[U|>M [U|>M [|X||>M

(19We know that if 2 is separable and reflexive, E[[|X||] < +oo, which is implied by
E[||X||?] < +o0, implies the existence of E(X).
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because |U| < || X|| and the domain (JU| > M) is contained in the domain
(X[l > M).
By hypothesis, we can find M independent of z* such that

/ IX|[2dm < <.
X >M 2

Having thus chosen M, it suffices that Ag, and so A, is small enough to have
|eihox — 1| < & for any « in (—M, +M) and then

5[ e < § forany Fue(a),
-M

DO ™

So the convergence of wi(z*;A\) — 0 as A — 0 is uniform in z*, which
establishes the theorem.

Definition. — Given a real or complex numerical function (z*), we will say
that it is positive definite if:

1° it is continuous in the sense of strong convergence in Z™*;
2° for any n, z7,...,x) and complex numbers «q, ..., &,, we have that

n
E (] — o)) o is real and non-negative.
Jik

THEOREM 5. — Every characteristic function is positive definite.

We saw that it is continuous (Theorem 2). The second condition is also
satisfied; indeed,

0< |oc1u1 + ...+ ocnun|2 = ((xlul + ...+ ocnun)(oclul + ...+ ocnun)
(cxlul + ...+ ocnun)(éclﬂl + ...+ &nan)

n
E 005 O U Uk
J.k

it then suffices to take u; = 125 (X)

ity = ¢ 00— () _ il (%)~ (%)

and then
Z o &g el ~ol(X) being real and non-negative
7.k
means that
E Z = Z o0 (T — ) is real and non-negative.
Jik J:k

Remark. — Straight from the definition of the characteristic function we have
that @(0*) =1 and that




We are going to see that if a function @(z*) satisfies the condition

Z o 0 @ (2] — ) is real and non-negative
Jik
for any n, z7,...,z) and «q,..., &, then @(0*) is real and non-negative, and is
zero only if @ = 0:
Q(—z%) = @(z*);
if @ is continuous at the origin, it is continuous everywhere and also if @ (z*) —
¢@(0*) when a* tends weakly to 0%, then @(y* — 2*) tends to @(y*) for any y*

when z* — 0*.
Let us take n = 2:

o X @ (2] —a3) + o oo @(zs—a]) + ||+ oa|*]@(0%) is real and non-negative;
if x5 = 0*:
o o @(x}) + aady @(—x7) + o |* + |oa]?]@(0%) is real and non-negative;

oy = 0 shows that @(0%) is real and non-negative.
o = o =1:
o(x7) + @(—z7) is real,

S0
Zo(xy) = —LZo(—x7).
oy =1,0 =1
i@(x]) —ie(—x7) is real,
=)
Re(27) = Reo(—z7)
S0

Let us take n = 3:
=1, oe=-1, ag=A, z7=0%, zi==z% z5=y"
We have

2+ APle(07) — @(2") — o(=2")
+Ale(y") — ey — ") +Ale(—y") — o(z" —y")] > 0.

By letting A = o(y*) — @(y* — z*), we have

24 M20(0°) — @) — @(—a") + A& + XA > 0

and by taking A = GRE
A2 JAP AP
@(0%)  @(0%) (0%

+2¢(0%) — @(z") — @(=2") > 0.

Then
(") — @y 2 < 9(0)[20(0°) ~ (") ~ (2",
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which shows that @(0*) cannot be zero unless ¢ is identically zero, and that if
@ is continuous at the origin, it is continuous everywhere and even uniformly
continuous everywhere, and also that if @(z*) — @(0*) when z* converges
weakly to 0%, we have @(y* — z*) — @(y*) for any y* as z* — 0* weakly.

Definition of a cylindrical set. — A cylindrical set &, of 2 is defined as
the set of all the x € Z such that
[21(2), ..., x5, (x)] € En

ceny iy

where F,, is a measurable set in the Euclidean space R,, with n dimensions.

Definition of the field %. — All the cylindrical sets are L-measurable;
they form a field €’; if .% is the o-algebra in the definition of the L-measure m,
we have

€ CZ.

Let % be the smallest o-algebra containing %, we necessarily have & C .%.
Now, a completely additive function on a field can be uniquely extended to the
smallest o-algebra which contains it [Kolmogoroff]; so: the knowledge of m on
¢ determines m on . Let us note that 4 and % have a geometric meaning
independent of m and that they do not depend on the norm in the sense of page
3 (Chapter I).

THEOREM. — If Z is separable, BB contains the spheres and all the sets
defined by f(x) < a, where a is a real number and f a continuous real function
defined for x € Z°. More generally, # contains all the open sets C Z .

1° Case of f(x) = ||z||. — The proof consists of proving that every sphere S
with centre 0 belongs to %. The proof is analogous to that of Pettis [Pettis, I].

Let us denote by x* the z* such that ||z*|] = 1 and let T be the set of z*.
Let A be the set defined by {x_*(;v)| < a; the sphere S defined by ||z]| < a is
the product [] Az, where the product is extended to every z* € T' (there are
uncountably many A ).

Indeed, [TA# C S: let € [JAs, and let zf be a functional z* such
that af(x) = ||z||. Then by hypothesis, we have: z$(z) < a, so |lz|| < a and
S C JT Az, because if ||z| < a,

|7 (@)] < llo*[ -l =1+ a = a.

As 2 is separable, there exists a countable sequence {Q;f} of x* weakly dense
in T' [Banach, I, p.124]. Let A; be the set defined by

|75 (2)| < a
and A =[], A;. A is a product of countably many cylindrical sets A;, so it is

in A.
We have

A=]JAs =5
[[2+ cAa=]]A

Firstly,
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which is evident since [[ Az is extended to all z* € T' and since [[; A; is
extended to z* € {7}, a countable subset of T".
On the other hand, if 1 € A does not belong to [[ Az, we would have:

zi(z1)] <a for all 4

and
|2*(z1)| > a for at least one z*;

let xf be such a z*, and {x_l*,} a subsequence of {z}} converging weakly to z:
|l:3(x)‘ = lim |337;", (x)| for every x € 4,

SO
‘953(%1)’ = lim }@“&m)! < a, contradiction.

Ac]]As
A=]]A

So

As a consequence,

We saw that
T2+ =5,
S0
A=]]As =5,
so S is in A.
2° Case of f(x) = |z — xo||. — Spheres of centre x(, same proof.

3° Case of arbitrary f(x). — The set defined by f(x) < a is open. Now,
every open subset 2 of a separable space £ is the union of countably many
spheres.

Indeed, as 2 is separable, let {z,} be a countable dense sequence in 2’
and let ], those of z,, that are in the interior of . Let S (z};; +) be the sphere
with centre x/, and of radius % (with &k an integer). Among these spheres, some
are completely contained in 2: these are the S;; the others have some points
outside 2. Let A be the union of the S;. There are a countably infinite number
of S; and every sphere is in &, so A is in A.

We have A = Q; to prove this, it suffices to show that every z € Q belongs
to an S1. Now, « belongs to S (z,; 1) if ||z}, — z|| < £ and this sphere is an S
if % < 6, where we denoted by & the lower bound of ||z — y|| as y runs through
the boundary of Q. So it suffices to take % < %, then 2, close enough to x so
that ||z}, — z|| < £, which is possible since we have a dense sequence.

So every set defined by f(x) < a and more generally every open set is in .

Remark. — From the very definition of the characteristic function,
o(a") = B[ ]

we have that every L-measure on 2, strictly speaking, defines a unique char-
acteristic function; conversely, we are going to see that
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THEOREM 6. — The characteristic function determines the L-measure on
every cylindrical set, and so on A.

Let X* = 2*(X) if we know @(z*) = E[e** )], we know the characteristic
function ¢; of X*:

o1(v) = E[eX] = B[ ] = g (va”),

so we know Pr[z*(X) € E;], where E; is a measurable set on the real line.

Let z%,...,z% and X] = 23 (X), ..., X}, = 2 (X), we know @(x*), so we know
the characteristic function @1 (v1, ..., v, ) of the random variable with n dimen-
sions {X7,...,X} }:

P11, ey v) = Bl X0 XD) = (12t 4 ...+ 1),

So we know the measure on every cylindrical set, and so on 2.

Remark. — The proof of the preceding theorem relies on the well-known
property that in a Euclidean space with a finite number of dimensions, the
characteristic function completely defines the probability law of the random
point. It is likewise true in the case of a Banach space 2 possessing a base,
that is to say, such that there exists a countable sequence of distinct elements
€1, .y €n,... Of X such that, for any x € 27, there is a unique sequence of
numbers 1, ..., Tp, ... such that

T =x1€1 + ... + Tpey + ...,
with lim, ||z — z(n)|| = 0 by letting
z(n) = z1e1 + ... + zpen.

Knowing ¢(z*) for every z*, we know in particular:

(p(a::;) — E[ei[t1X1+...+tan]]
which is the characteristic function of the point X(n) in R,, and determines the
distribution function of X(n). Let

Fn(z1,..,zn) = Pr[Xy < z1, ..., Xy < ZTy);

if we set
F(z1, .y Ty, ...) = Pr[Xy < z1,...,Xp < 2y, -]y

we have
F(z1,...,zpn,...) = lim F,(z1,...,2,).
n—o0

So the characteristic function @(z*) then completely determines the law of X.

Generalisation of Bochner’s theorem [Bochner, II, p.239]. — We know
that the characteristic function of an ordinary random variable is a positive defi-
nite function which equals 1 at the origin, and we also know that, conversely, ev-
ery positive definite function @ such that @(0) = 1 is the characteristic function
of a probability law. In the case of a random element X with values in a Banach
space 2, we just saw that the characteristic function of X, @(z*) = E[e** X)],
is again a positive definite function, and @(0*) = 1. We are thus led to ask
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ourselves whether every positive definite function @(z*) such that @(0*) =1 is
the characteristic function of a random element (in the proper sense) on 4.
So let @(x*) be a positive definite function on 2™* and such that @(0*) = 1.
Let 27, ...,z be n deterministic linear functionals that are linearly independent,
and let
T* = 1a] + .+ v,

where v1, ..., v, are any n real numerical variables; @(x*) considered as a func-
tion of vy, ..., v, is a positive definite function with n dimensions, in a Euclidean
space with n dimensions, and it takes value 1if 1y = = ... =1, =0;s0itisa

characteristic function in n dimensions (Bochern-Weil) and it defines, as a con-
sequence, a distribution function in n dimensions: Fy, (3}, x1; 23, 25 ...; 3, 4).
F,, has the following properties:

1° As a function of the pairs (gc;, x;), it is a symmetric function;

2° As a function of x4, ..., z,, it is a distribution function;
3° Moreover, we have

* . . * . * _ * . . *
Fop(al, 2102, ops 2 g, +00) = Fo (2], 215 .. 2, 2).

Indeed,

— * o ; ot * Lk Lk .
(p(m*+l/n+lxn+1) _/61(1/111 Un+1$n+1)an+1(x17$1a"’amnvxn7$n+17xn+1)7

if v =0,

Q(z* +0) = @(z*) = /ei(l’111+”'+”"m")an+1(ac’{,xl; ST Tl
By integrating with respect to 1,
@z*) = /ei(”lzlJr"'Jr”’Lm")d(I)(xT,xl, ey T )

by letting
O(x], 1500, Tn) = Fnp1(a), xns 2 4, +00),

but by the definition of F,:

o(z*) = /ei(”1m1+"‘+”"z")an(xT,xl;...;xz,xn),
SO
Fo(al,z1;.5ah, xn) = ©(2], 215 520, Tn)
=F1 (2], 215500, Tn @), g, +00).
Let &, be a cylindrical set in 27, defined as the set of all the x € 2" such that
{z7(2), ...,z (2)} € Ep,

where E,, is a Borel measurable set in the Euclidean space R,, with n dimensions.
F,, defines a measure in R,, for which E,, is measurable; let u(E, ) be its measure
and let



we thus define a set function m(e) on the field of cylindrical sets in Z"; we see
without difficulty that

1°m(2) =1;

2° m(é&,) > 0;

3°m(&) + m(&") =m(& + &') if & and &' are two disjoint cylindrical sets
[Kolmogoroff, I, p.27].

It remains to see if m(&) is completely additive (on the field of cylindrical
sets) or, equivalently, to try to prove that if &, &2, ..., &F, ... are cylindrical sets
such that

A Nl BN e B

and if limg 0o m(&Y) =L > 0, &2 = limy_,00 & is not empty.

Let {z7}(j = 1,2,...) be any sequence of linear functionals of norm 1 and
such that any finite number of these functionals are linearly independent. Let
S(a) be the sphere of 2 of centre 0 and of radius a. Let A,, be the set of points
of R,, of coordinates «, ..., &, such that the system

*

xi(x) = o, ey xr(x) = oy

has at least one solution x such that ||z| < e

If 2 is reflexive, A,, is closed. — First, A, is bounded, which is obvious
since
o = xj(x) < [l - o] < o
then, let Pk(oc?) be a sequence of points in A,, converging to a point P in R,
with coordinates (o), so ocf — ;. We have P € A,,, that is to say, there exists
an = € S(a) such that

(@) =0,  (j=1,2,..,n).

A necessary and sufficient condition for that (E.Hille, I, p.21) is that, for any
numbers a; (j =1,2,...,n), we have

n n
(1) Zajxj <a Zajm;f ,
j=1 j=1

but the same theorem implies that, since P* c A,

n n

(2) Zajoc? <a a;x;
j=1 J=1

To obtain (1), it suffices to let k tend to +oo in (2).
Let <7, be the set of the x € £ such that the point P in #,, with coordinates
[z}(x), ...,z (z)] belong to A,. We obviously have

<y, O S(a).

oy, is a cylindrical set, closed in Z7; it is not bounded in general; since it is
closed, if x1, ..., xg, ... € o, and if zp — x, = belongs to 7.
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Every cylindrical set &, defined by «7, ..., z} which contains S(a) contains
Ay,

On the other hand, ,11 C ,; indeed, if £y € 27,11, the numbers «;
(j=1,2,...,n+ 1) defined by

ri(z0) = (j=1,2,.,n+1)
are such that the equations
zi(z) = o (j=1,2,....,n+1)
admit at least one solution 2’ such that ||2’|] < a, so the equations
zi(z) = oy (j=12,...,n)

admit a solution 2’ € S(a), so x € o,.

Remark. — If Rpyq corresponding to z7,...,z;, 2, | is constructed as a
product of R,, corresponding to x7, ..., z}, and a straight line, A, is the projection
parallel to this straight line, from R, 11 onto R,,.

Let

n—-+oo

£ = lim o, L=[[« ad 2£58).

If the sequence {z}} is dense on the sphere of radius 1 on 2Z™* (which implies
that 2, and so 2" is not ounly reflexive, but also separable), £ = S(a).
Indeed, if zg € .Z is not in S(a) we would have ||| > a and

|77 (20)| = |xi| <a  for all 4

but, on the other hand, there exists [E. Hille, I, theorem 2.9.3] z* € 2™ such
that
z*(zo) = [lzof  and (27| = 1.

As the sequence {x}} is dense on the unit sphere, let {z};} be a sequence
tending to x*
2" (0)| = limla (20)| < a,

which contradicts
2" (z0)| = [lzoll > a.

So .Z C S(a), and since we always have .Z D S(a):
Z = S(a).

Let us now take these conditions, and let p(a) be the limit as n — 400 of
m(ety,); then m(et,11) < m(es,). We will say that @(a*) satisfies the condition
C if, for any sequence {x}} dense on the unit sphere of 2™, lim,_, 1 p(a) = 1.
It is clear that

p(a) <p(d) ifa<ad.

Let us consider the cylindrical sets &* such that

E'oE? D M 5 and  limm(&F) =1
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We are going to show that

k
. ki. _ y
lim & = lim @,PH(DM

Jj=1

is not empty.

We do not lose generality by considering a sequence of linear functionals {7} }
of norm 1, such that any finite number of them are linearly independent and
such that the functionals defining ¥ are 7, ..., z}. Let E,, be the corresponding
set in R,, of &,; we set

m(gn) = H(En)~
We can find in R,, a bounded closed set D,, contained in E,, such that

€
wD,) > wE,) — 27;
D,, defines in 2 a cylindrical set 2,, C &,, closed but not necessarily bounded

and
13

27.
Let €, = szl P and let w, be in R,, defining %,,; w, is closed, bounded,
contained in D,,:

m(Dn) > m(é,) —

m(€n) > m(Bn) —e>1—¢,

SO
u(wn) Z l — &.

Let S(a) be the sphere in 2 of radius a and let us take a sequence of linear
functionals of norm 1, dense on the sphere of radius 1 in 2*, such that any
finite number of these functionals are linearly independent, and such that it
contains {x}} as a partial sequence; we do not lose generality by assuming that
these are the z themselves. Let us consider the sets %, - S(a); if none of them
is empty, they have a non-empty limit. Indeed, if ¥ - S(a) is assumed to be
non-empty for any n, let z,, € %, - S(a), then the sequence x,, is bounded since
xn, € S(a); as Z is reflexive, a subsequence, which we will assume to be the
sequence itself, has a weak limit z; let o = x7(z,) and let P} be the point
in Ry with coordinates (o, ..., «}), then P} € wy because z, € €} - S(a) for
k < n at least, so x,, € €). If Py, is the point in Ry, with coordinates o¢; = ] (2)
(j=1,2,...,k), P, =lim,_,o P, so Py € wy, so z € Cy, and this holds for all
k, so x belongs to lim, _,- C,, so a fortiori x belongs to lim,, . &, which is
thus not empty.

Let us assume that Cpy - S(a) is empty, so C,, - S(a) is empty for any n > N.
I say that if C,, - S(a) is empty, C,,o is empty, at least for [ > n. C,, can be
represented in R by an “extension” w;, of wy,, and if w/, and A; have a common
point P there is a « € S(a) which is in C,,, which contradicts the hypothesis, so
w!, and A; do not have a common point, so C,«4 = 0 and then as C,, is outside
o) (for any | > n)

m(6) = ml2 — o] =1 - m(aA),

0
m(e)) <1-—m(C,) <1-1+e,
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o
pla) <1-—1Il+e.

If we took a sufficiently large so that p(a) > 1 — ¢ — which is possible by
virtue of condition C — and ¢ < é, there is a contradiction, so C,, - S(a) is not
empty and we can state the following theorem:

THEOREM 7. — If 2 is separable and reflexive, a necessary and sufficient
condition for a positive definite function @ (x*) with @(0*) = 1 is a characteristic
function of a random element in the strict sense, is that @(x*) satisfies condition

C.

That condition C is sufficient results from the preceding proof, and the
necessity is obvious since:

a. If Z is separable and reflexive, ||z| is measurable, that is to say, that
m[S(a)] exists for any a;

b. and that m[S(a)] — 1 if a — oo if X is a random variable in the strict
sense. Condition C poses two problems.

Problem 1. — We can ask ourselves if every positive definite function @(z*)
with @(0*) = 1 satisfies condition C. We know that it is so if 2 is a Euclidean
space with any finite dimension, say n. An example will show that this does
not remain true in the general case.

Let 2 be the Hilbert space, reflexive and separable, of the sequence of real
numbers z = (21, ..., Ty, ...) such that >, |zx|> < +oo; let z} be the linear
functional defined by x}(x) = xy; every linear functional is of the form z* =
D QKT

Set

Il =

o) = e 7",

*”2
2

we see immediately that

a. 9(07) =1;
b. @(z*) — 1if z* — 0*.

Moreover, for any :1:2‘1), - scz‘h) and any real or complex numbers «q, ..., Xz,
we have that

Z e[z(y — 2(jloaga; is real and non-negative.
9i

Let Xy, ..., X}, ... be mutually independent Laplacian ordinary random vari-
ables with zero mathematical expectation and variance 1; to every

xt = Zakxz with Z\ak|2 < 00,
k k

we associate the random variable Y = >, a,X},. This series is convergent almost
surely, and also in square-mean since _, |ay|* < +oc. Y is Laplacian, and

)1 = laxl?,

SO
_ Slagl?
2

E(eY)=e = @(z").
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If Y(; is the random variable corresponding to x(;), we see that
(P[Ji?g) — gg’(*j)] =E[eY@ Y0,

Z oz}, — o())og; = ZE[%&]EJ(Y@*Y@))] - Z Eloge’Y @ ojetY )]
93 93 97
2

—E E o(geiY(g)cxjgiY(j) =E E cxjeiYm > 0.

97 93

As a consequence, @(z*) is positive definite. But @(z*) does not satisfy condi-
tion C. Indeed, with the sequence [z}], let us construct the 2%, of the proof of
the preceding theorem; we remark that A,, is defined by

n n
P <a® o D Jap(a))? <d®
k=1 k=1

The above interpretation of ¢(z*) with the random variables Y shows that
m(ey) =Pr | Y [X;|* < a®| =P(a,n).
k=1

The calculation of P(a,n) is elementary; it shows that

lim P(a,n) =0 for any a.
n— oo

Moreover, this is obvious because the series Y, |Xj|> with positive terms is
almost surely divergent; for every definition of p(a) that affects all the z, we
have p(a) < lim,_, P(a,n), so p(a) = 0 for any a.

Remark. — In the above example, let us make the following modification: let
us assume that the variance of Xy is ﬁ instead of 1 and set

o(z*) = E[e"Y], where Y = Z aiXk.

Then Y is Laplacian and

Eal V]

a

E(Y)=0, EY)=|Y
k

|

SO )
o(z*) = e T3,
@(x*) is continuous with respect to weak convergence in Z*; to show this, it

suffices to show that p(z*) — 1 if * — 0* weakly; if * converges weakly to 0%,
>k a? is bounded, say by M, and ay, for a fixed k converges to zero:

@ _ <~ ag
2Tty

k>P
N—_——
A B

We have B < %M, A — 0 for any fixed P.

a2
If we took P to be large enough, the exponent of e~ 2= = s arbitrarily small.
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C.Q.F.D.

But, on the other hand, as the series Y, 4 is divergent, Y., |Xj|* is almost
surely divergent, so P(a,n) — 0 for any a.

So the fact that positive definite @(z*) is continuous with respect to weak
convergence for z* does not suffice to imply that @(z*) satisfies condition C.

Problem 2. — Given these examples, we should investigate simple criteria
allowing us to recognise if a positive definite function @(z*) satisfies condition
C or not.

Let 2 be areflexive and separable Banach space, and @1 (z*), @2(z*), ..., @n(z*), ...
a sequence of characteristic functions such that:

a. There exist positive & and s such that, for any n,
En[”XH“] = Sf: <s%

b. limy, 4 o0 (Pn(x*) = (D(JL‘*);
c. There exists A such that, for any z* satisfying ||z*|| < A:

lon(z*) —@(z*)] =0 uniformly in z*.

@(x*) is obviously positive definite.
Let us consider the law £,, corresponding to the characteristic function @,,,
then Bienaymé’s inequality gives

x
P <al > 1= 5 (apositive)

Using the notations of generalised Bochner’s theorem, we have, for any k,

PrM[X € o] = ma(F) = tn(Ag) > 1 — Z%
; _ _ 5
ngrfoo my () = m(e) > 1 e

and, as a consequence,

x

= i 1-=

pla) = lim mlah)>1- %
A Pl =1

Condition C is satisfied, so @(z*) is a characteristic function and defines a
law £; from which we have:

THEOREM 8. — If a sequence of characteristic functions @, (x*) converges
uniformly in x*, for every x* such that ||z*| < A, to a function @(z*), if,
moreover, there exists o > 0 such that E,[| X||%] is uniformly bounded, then
@(x*) is a characteristic function.

The question now is to know whether £ is the limit of the laws £,, and first
the problem of defining the convergence of a sequence of laws to a limit law.

Ezample. — Let be a separable Hilbert space and let x1,...,x,,... be or-
thonormal vectors, let m,, be the I-measure formed by placing mass 1 on x,
and nowhere else; its characteristic function @, (z*) is

Pn(z") =e :
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If z* is fixed and arbitrary and n tends to +oo, z*(z,) — 0, so @,(z*) — 1
which is the characteristic function of a mass 1 concentrated at 0: we see that
m,, does not tend to this distribution although there is the convergence of the
characteristic functions.

CHAPTER IV.

LAPLACIAN RANDOM ELEMENTS.

I. — DEFINITION OF LAPLACIAN RANDOM ELEMENTS.

Definition. — A random element X in the strict sense, with values in a Banach
space £ is a Laplacian random element if 2*(X) is a Laplacian random number
for any functional z* € 2™ [E. Mourier, IV].

This definition of a Laplacian random element has already been proposed by
M. Fréchet [M. Fréchet, IV] and compared by this author to a second definition,
deduced from the generalisation of a theorem of S. Bernstein, which assumes
the existence of E[||X||?]. A recent result of M.G.Darmois |G.Darmois, I] allows
the removal of this hypothesis. It is then possible to show the equivalence of the
two definitions for any Banach space Z . It is this that we propose to do in what
follows. For this, we will need to establish some characteristic properties of the
independence of two random elements whose definition was given in Chapter 11
(page 10).

THEOREM 1. — For two random elements X1 and X5 to be independent, it
is necessary and sufficient that for every xi,x5 € Z7* x X5 the characteristic
function of the pair X1,Xs to be the product of the characteristic functions of
X1 and Xs, that is to say, that

O(z7,235) = @1(27) P2(3),

where @1(x7), 2(x3) and ®(x7,x3) are the characteristic functions of Xy, Xa
and of the pair X1, Xo respectively.

From the definition of the characteristic function of a random element?),
o1(2?) = Bl X)) = / 1D gy (e,
24

a function of z7 defined for every x] € Z7".
Likewise, the characteristic function of X5 is

pa(a3) = E[e3(X2)) = / 2 X2)dy (e5),
X

a function of z3 defined for every x5 € 25"
And the characteristic function of X1, Xy € 27 X %5 is

O(x],x3) = Eeilzi (X)) 43 (X2)]

_ / eilei @D +a5 @)l (e, x e)
%1)(.%2

(11)The notations follow those of Chapter II.
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defined for all ¥, 25 € (21 X Z2)* =~ 27" x Z5* (Chapter 11, page 10). Indeed,
every linear functional z* on 27 x 25 is of the form

(1) 2" (21, 02) = 27 (1) + 25(72);

first, (1) is indeed a linear functional on 27 x %25. It is additive since 7 (z1)
and z3(x9) are additive, and

2" (21, 22)| < 2]l - el + (2] - [l

If ||y, z2|| stays finite, then ||z1|| and ||x2|| stay finite, so |2*(z1, x2)| stays finite,
so the functional is bounded.
Then, every linear functional on 27 x 253 is of type (1). Indeed,

2% (x1,m0) = 2" (21 + 0,0 4+ z2) = 2*(x1,0) + 2% (0, x2).
If X; and X5 are independent,

Ae1 X €2) = pa(e1) x pa(e2)
for any &1 € #; and €5 € %5, so [P.R.Halmos, I, p.146|
(2)
daiay) = [ [ e e ()
3{1)(%2
= [ e [ (e, a5 = ealaea(r)
21 s

Conversely, if the characteristic function of X;, Xy is of the form (2) for any
7, x5 € 27" x Z, Xy and Xy are independent random elements, indeed the
characteristic function determines the measure on the smallest o-algebra which
contains the collection of cylindrical sets.

Let us remark that if a characteristic function ®(z3,x3) is the product of a
function in z] by a function in 3,

O(x7,23) = f21)g(23),
f(z7) and g(x3) are necessarily characteristic functions of X; and X respec-
tively; to see this, it suffices to let 7 = 0* or x5 = 0*.

THEOREM 2. — For two random elements X; and X5 to be independent, it
is necessary and sufficient that, for any x7 € 27 and x5 € 25, 7(X1) and
x5(X2) to be independent random wvariables.

That the condition is necessary is obvious; that it is sufficient follows from
the preceding theorem and the theorem on the mathematical expectation of the
product of independent random variables.

Indeed,

B(af, v3) = Bellei ()45 (Xa)

— E[eimf(xl)eimﬁ(xz)]

= @1(27) @2(z3).
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THEOREM 3. — If X is a random element in 2 such that E(X) =0, if X*
is a random element in Z2°* and if X and X* are independent,

E[X*(X)] =0.
Indeed,

and for any fixed x*,
EX*(X)/X" = 2"] = 2" [E(X)] =0,
since, by hypothesis, E(X) = 0.

THEOREM 4. — If X* is a random element in Z* such that E(X*) = 0*, if
X a random element in 2" and if X and X* are independent,

E[X*(X)] = 0.

Indeed, we know that [E. Hille, I, p.22| that to all z € 2~ we can associate
¥ € Z7* such that for all z* € 27* we have

We thus have
E[X*(X)] = EX™(XY)];

but, according to the preceding theorem, if E(X*) = 0*, we have
EX™(z)] =0

and, as a consequence,
EX*(X)] =0.

Properties of Laplacian elements. — If X4, ..., X,, are independent Lapla-
cian random elements taking values in 27, xg an element in 2" and ag, a1, ..., an
some numbers, Z = agxg + a1 Xy + ... + a, X,, is Laplacian.

Indeed,

x*(Z) = apx™ (z0) + a1 (X1) + ... + anx™(X,),

and according to a classical theorem of calculus of probabilities, z*(Z) is Lapla-
cian and this holds for all z*, so Z is a Laplacian element.

Conversely, if Z = aX + bY is Laplacian and if ab is not zero, then if X and
Y are independent they are also Laplacian; indeed,

2" (Z) = az™(X) + bz (Y);

x*(Z) is a Laplacian variable, 2*(X) and 2*(Y) are two independent variables
since X and Y are independent, they are thus Laplacian (Lévy-Cramer theorem),
so X and Y are Laplacian elements.

Let X be a Laplacian element and z* an arbitrary element in Z*. Denote
by 02. the fluctuation of z*(X),

03 = B{z"(X) - Elz" (X)]}*;
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2*(X) is a Laplacian random variable so E[z*(X)] and 02. exist and its charac-
teristic function @ (v) is
(1) ©u () = E[eivz*(X)] _ eivE[w*(X)]févr"ai*,
but, denoting by @(z*) the characteristic function of X,
@a (v) = B[ M) = ¢p(vz"),
(1) can be written as

O (’U) _ eiE[vz*(X)]fécrzz* — (P(’UZZ?*)

and so for every z* € 2%,

B[z (X)] - 03

(2) P =¢€

Conversely, assume that X is a random element whose characteristic function is
of the form (2). For any z* € 2™, the characteristic function of z*(X) is

va* (X)) =500« _

O (’U) _ (p(vx*) _ eiE[ eiUE[ac*(X)]—%szz*7
so z*(X) is a Laplacian random variable and X is a Laplacian random element.
The theorem of S. Bernstein on which M. Fréchet is based is the following:

For two independent random numbers X and Y, each with a probability den-
sity defined everywhere and having the same non-zero and finite fluctuation o2,
to be two Laplacian variables, it is necessary and sufficient that the two variables
X+4+Y and X —Y are independent.

Using a proof that is different to that of S. Bernstein, M. Fréchet extends
this proposition to the case where we do not assume the existence of a density,
he defines the fluctuation of a random element with values in a complete metric
space as being the lower bound of the square of the mathematical expectation
of the distance between X and a as a ranges through the space. He shows that
if X, taking values in a Banach space 2, is such that

1° its fluctuation is finite;
2° there exists in the same space 2 another element Y independent of X
and such that X +Y and X — Y are independent, X is Laplacian.

Conversely, M. Fréchet shows that if 2~ possesses a base and if Y is Laplacian
there exists a random element Y independent of X such that X+ Y and X —Y
are independent.

THEOREM OF G. DARMOIS. — Two independent random variables X and Y
are necessarily Laplacian if X +Y and X —Y are independent.

THEOREM. — If Z is any Banach space, the necessary and sufficient con-
dition for a random element X with values in 2 to be Laplacian is that there
exists a random element Y with values in 2, independent of X and such that
X+4+Y and X —Y are independent.

The condition is sufficient. Indeed, if X and Y are independent, as well as
X+Y and XY, 2*(X) and 2*(Y) are likewise independent as well as z*(X+7Y)
and z*(X —Y) (c.f. Theorem 2, page 53).
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Now,
(X +Y) =2"(X) +2"(Y),

for any z* € Z™* and
2" (X =Y) =2*X) — 2" (Y).

So, by G. Darmois’s theorem, the random number z*(X) is Laplacian for
any x* € Z*, and as a consequence, X is Laplacian.

The condition is necessary. Indeed, let X be a Laplacian random element
and Y a random element independent of X with the same law. Let @(z*) be
the characteristic function of X,

(p(’l}*) _ eiE[x*(X)}*%Ui* (l’* S %*)

Let U=X+Yand V=X —-7Y. Then U and V are two Laplacian random
elements with values in the same space 2. Denote their characteristic functions
by @u and @v and by @y v that of the pair U,V. As X and Y are independent
and of the same law,

- * 2
— (2Bl (X))ot

SO
(pU(X*) — (Pv(y*) — eiZE[z*(X)]—O'i*—O'i*.

On the other hand,
Quyv(a®,y*) = Efel (O (I
_ E{ei[z*(X)+x*(Y)+y*(X)—y*(Y)]}
= E{ell@"+v) X+ "~y (]
_ E[ei(m*+y*)(X)}E[6i(I**y*)(Y)]
= o(z" +y e —y),

because, as X and Y are independent, (z* + y*)(X) and (z* — y*)(Y) are also
independent for any z*,y* € 2™, so

euv(@®,y*) = BlE Ty =3 0% e HB(@" —y ) (V)] =5 05w e
But
E[(z" +y")(X)] = E[(z"(X) + y"(X)] = E[z"(X)] + E[y"(X)],
E[(z" —y")(Y)] = E[(z" —y")(X)] = E[z"(X)] = E[y"(X)],
02y = Oe + 00,
On_ye = Oow + O,
SO

. - 2 2
2Bz (X)] -0« — 0«

puv(z*y*)=e = @u(z")ov(y").

So U and V are independent.
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If X has zero fluctuation, X is an almost certain element of 2", and con-
versely, in this case for every z* € 2, z*(X) is an almost certain number.
Conversely, M. Fréchet showed [M. Fréchet, IV] that, if 2" possesses a base,
2*(X) can only be almost certainly constant if X is an almost certain element.
In the preceding theorem, if X has zero fluctuation, it suffices to take for Y
any certain element of 2" for X +Y and X — Y to be independent. Just as we
do in the case of random variables, we will think of an almost certain element
satisfying a singular Laplacian law.

The preceding study poses a certain number of problems: we saw that if X is
a Laplacian random element, E[z*(X)] exists for any z* € 2™*. It is a necessary
but not sufficient condition for the existence of E(X), so the first problem is:
what can we say about E(X)?

Then, what can we say about ||X||? And about E[||X||?]?

We saw that the characteristic function of a Laplacian element X is

@(a*) = Bl (- FEf" ()-E(" (X)),

conversely, given a function of the form

Fla*) = Bl (=Bl () =B (V)

where Y is a random element with values in 2", does there exist a random
element X with values in 2" whose characteristic function is f(x*)?

II. — LAPLACIAN RANDOM ELEMENTS IN A HILBERT
SPACE.
We are going to study these problems in the particular case where 2 is a

separable Hilbert space 5. We know that, then, ||X|| is measurable (cf. Chapter
I, page 6). There exists an orthogonal system {z;} such that every x € S is of

the form
Tr = Z Q;T;
i
with the a; being numbers such that
Z\ai|2 < 400
i
and

2] =D Jail®.

i

Every linear functional z*(z) is of the form
z*(z) = Z oG,
i
with the «; being numbers such that

> lel* < oo
7
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and
2|l = locil*.

If X =3, Ajx; is a Laplacian random element, then z*(X) is, for every z* €
%, a Laplacian random variable. Consider a functional x} defined by z}(z) =
Q.

x}(X) = A; is a Laplacian random variable, so for any i, E(A;) and E[|A;|?]
exist and are finite.

Set

m; = E(Al), O'2 = Gz(Ai).

On the other hand,

DA =X]P=p

(3

converges almost surely to a random variable in the strict sense.

Let us consider the point P, with coordinates (A;, As,...,A,) (¢f. figure,
page 59), it is a Laplacian random point in a Euclidean space E,, with n di-
mensions, with orthogonal axes; let M,, be the point in E,, with coordinates
(my, ma,...,my). Then M, is the central point of the distribution in E,. We
have

72 n
pp = OP, = Y |A;[> < p”.
i=1

Let IT be the plane (in E,,) passing through M,, and perpendicular to OM,,, it
is the diametrical plane for the ellipsoid of equidensity, so there is a probability
% for Pn2t0 be beyond II, so a probability greater than or equal to % that
p? > OM,,.
If OMi = >""_,|mi|* was not bounded, there would be a probability greater

than or equal to % that p? is not bounded, which is impossible. So
Z\mi|2 < 400.
i

Let m be the point in 7 with coordinates m;. Then X and X — m are
Laplacian at the same time, and if one has a mathematical expectation, the
other also has it (Chapter I, page 4); so it suffices for us to study X —m, or else
to assume that all the m; are zero, which we will do in what follows.

Let 2* (061, &2, ..oy &, ...), 2 |0ti|? < +o0, be an arbitrary functional in 22,
and let ¥ (a4, ..., ®,,0,0,0,...). Then z¥ tends strongly to z* when n tends
to 400, so denoting the characteristic function of X by @(z*), @(z%) tends,
uniformly in z*, to @(z*) (¢f. Chapter III, page 37).

Now, z}(X) is a Laplacian random variable with zero mathematical expec-
tation and z*(X) is a Laplacian random variable, so

Ele” (X)) = lim Ea3(X)] =0,

n—-+4oo
from which it results that 0 is the mathematical expectation of X, so

THEOREM 1. — If X, taking values in a separable Hilbert space, is Laplacian,
E(X) ewists.
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Preliminary calculations. — Let Z be a Laplacian random variable with
zero mathematical expectation and variance o. Let us calculate the character-
istic function @2 of Z2.

1 too 2 _ 2% 1 oo _ 2% (1_2ive2
Pz2 = 7/ e e 207 dy = e~ 50z (1-21v0%) g
V2O J o 2ro

— 00

Set
o

L S—
V1 —2iv0?

z =

2
u
2 du

1 Foo
- e
P2 = o VT = 2iv0? /m
1

vz = T 20t

Let X = . A;x; be a Laplacian random element in 7 such that E(A;) =0
for any 4, and let P,, be the point in E,, with coordinates (A1, ..., A,); the A; are
Laplacian random variables, but not necessarily independent. In E,, we can take

new orthogonal axes (z], ..., 2}, ,,) such that the A}, |, ..., A}  are independent

n,ls*
Laplacian random elements with E(A}, ;) = 0 for any j.

We have .
P = Z|A;w‘ 2
j=1

Set .
A2;=EIAL P, thence  E(pl) = > A2
j=1

we are going to show that the A, ; are bounded.

Let A, ; be the A] ; which, for fixed n, has the largest A, ;. If A7, ;> > 2,
a fortiori we have p2 > C?. Assuming that An ik is not bounded when n tends
to +o0,

2 Foo
Pr[A?, > C% = ——— e Mk du (C positive)
" V2mAnk Jo
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Taking C = A, 1,

Pr[AZ2, > A2 2 [T 2y
> —_— e 2dt
Prifn -7/

a quantity which is not small, so if A, ; is not bounded, there is not a small
probability that p2 > C? (with C? very large), which is impossible since

> =Y |Ai* >0}

%

is almost surely convergent.
So the A, ; are bounded, so the characteristic function of p2

ﬁ 227\2

is regular in a circle (y) with centre 0 and a fixed non-zero radius, and as a con-
sequence, it is legitimate to use a limited growth of @,,(v) in the neighbourhood

NI\»—A

of the origin.
Set

_ 922
uj = 24}, 0,

Wn(v) = log @n(v) = —% S log(1 — ;)

I
[\
g
Q:
+
N =
N
So
+
ol
g
u:og
+

2

= Iem 5, 1
On(v) =145 > i+ 3w+ o[ dw ] + o
j=1 1 j=1
2
n n 1 n
@n(v) —1+ZZ)\ELJU— Ai’j—i_? Z)\Z’J 0% + (L)
Jj=1 j=1 j=1

But, on the other hand, denoting by M; and My the moments of order 1 and 2
of p2, we have
1
@©n(v) =1+ iMv — 5Mgzﬂ + (. )v?

and as a consequence,

= N
j=1
M2 = 22)\?&0 + Z}\n,j )
j=1
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from which we get

0%(p2) =Mz — M} =2 A},
j=1

Imagine that the A, ; are all equal to 1, we then have
E[p?] = n, o%(p?) = 2n.

Bienaymé’s inequality gives, for any f3,

2n
Pr[|p721 - E(pi” < Bﬂ] >1- Bgng
and a fortiori,
2 2n

1-— % tends to 1 when n tends to +oo so, taking 3 to be smaller than 1, the

probability that p? is large is not small; this result is a fortiori exact if the Anj
are all at least equal to 1, without being equal between them, and this proves
that the A, ; cannot all be larger than or equal to 1. Let ¢, be the number of
the A, ; (7 =1,2,...,n) which are larger than or equal to 1, and assume that ¢,
is not bounded when n tends to 4+o00. In

2 => |A, 7
=1

let us neglect all the terms for which the corresponding A,, ; is smaller than 1,
which is to say that we consider a p/? for which all the A, ; are larger than
or equal to 1; according to above, for any C?, as large as we want it to be, it
suffices that n is large enough for the probability of p? being greater than C?
not to be small, which is impossible since p? is almost surely convergent. So ¢,
is bounded.

Let us assume that E(p;) = Y A7 ; tends to +0o when n tends to +oo.

Let 3 be smaller than 1. Then Bienaymé’s inequality gives

Z; 1 le
5.
B2 (271 A2,)

Prlp;, > E(p;,)(1 — B)] = Pr(lp} — E(p})| < BE(p7)] > 1 —

Let us study the quantity

22] 1 nj _ 2 Z] 1 TLj 1
2 2 n 2
p (ijl A2 ) BN, XA,

Q.=

n,J

We showed that when n tends to +o0o, the A, ; are bounded and that the
number of A, ; larger than or equal to 1 is finite, so

k
Zk =k i, ks

nEI-iI-loo Zn 7\2 -0
For j # ki,
Anj <1, so Ay ; <AL,
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SO .
Zj?éki }\n,j <1
Z?:l )\37,,]
So
which proves that the probability that p2 > E(p2)(1 — B) is not small; now, by
hypothesis,, E(p2) tends to 400, so the probability that p? is larger than C? for
any C? is not small, which is impossible, so E(p2) is bounded.
p? = lim,,_, o p2, so, by Fatou’s Lemma, E(p?) exists and
E(p®) < lim_E(p}).

n—-+o0o

THEOREM 2. — If X with values in a separable Hilbert space is Laplacian,
E([IX][?) < +oo.

We used the well-known property that if P,, is a Laplacian random point in
a Buclidean space E,, with n dimensions, there exists an orthogonal system of
axes in E,, such that the coordinates of P,, are independent Laplacian variables.
Does this property remain true in the case of a Laplacian random point P in
a separable Hilbert space 7 Put otherwise, does there exist an orthogonal
system {z’} in # such that if X is a Laplacian random element with values in
H,X=3" j A;.scg», with A;- being independent Laplacian random variables?

With the orthogonal system {z;}, let X = 37, Ajz;. Then every linear

functional is of the form
(X) =) oAy,
J
with the «; being numbers such that Y |a;|? < +oo,

B{z"(X)]’} =B | Y ojoudjAp| = rjpojoy = @
Jk ik

by setting
E(AJA]C> = Tjk;

® is a quadratic Hermitian form.
Let us consider the reduction

(Pn = E Tjk&Xj X,

Jk<n
n
-, = E T X = E E Tk XE | + E E Tk O X
J,k,not both <n j=1 | k>n i>n k

Let us assume that Y |a;[? <1,

Y oAy =l (X)) < [l IX] < X,
i
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n n

E E Tk X = E E E ocjockAjAk
j=1k>n j=1k>n
Now,

Z Z OCjOCkAjAk = Z Ochj Z O(kA;c,
j=1

j=1k>n k>n

> oAyl <X,
j=1

SIS

> il <en [ DOIAP]

k>n k>n

where ¢, is a number bounded by 1.
We likewise have

=

ZZO(jO(kAjAk < ”X”en Z‘A]‘Q

ji>n k ji>n
%
and since Y, |Ax|? = || X]|? is almost surely convergent, [Zk>n|Ak|2:| tends to

zero almost surely when n tends to +oo.

As a consequence, ¥, tends to ® uniformly in «;, provided that Y |a]* < 1,
and it results that [F. Riesz, I, p.113] that ® is completely continuous and so
[F. Riesz, I, p.146] admits a decomposition of the form

2
00

P = Z.Sj lekak y

j=1 k=1

the linear forms being normalised and pairwise orthogonal, that is to say, there
exist s1, 82, ..., 8j, ... and points 7, ..., ', ..., pairwise orthogonal with ||z} = 1,
such that

® =2 sl (@))%
J
if we take the x; as the new axes, we have

_ ~2
o = Zsjocj.
J

Now,
@ = B{fo* (X)) = Y loy au B(ALAL),
ik

E(AjA}) =0, ifj#k

E(A;Z) = Sy,
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that is to say, that A;- and A} (j # k) are non-correlated random variables,
which means, as A; are Laplacian random variables, that they are independent,
and that one of them A}, is independent of A;-l R A;-
k#7 (i=1,..,n),s0

THEOREM 3. — If X is a random element with values in a separable Hilbert
space JE, there exists in F€ an orthogonal system {x;} such that

X= Zx}A;,
J

with the A; being independent Laplacian random variables.

_ for any n, ji,..., jn and

Finally, let us see whether every function of the form
flz*) = Bl (Y) —%E{[ﬂv"(Y)—E(ﬂﬂ*(Y))]2}7

where Y is a random element in 7 is the characteristic function of a random
element with values in 2.

We will assume that Y is such that E(||Y?) = s2, which implies that E(|[Y]|)
and hence, since S is separable, that E(Y) exists. We can then, without loss
of generality, assume that E(Y) = 0; this then reduces to

Fz*) = e 2Ble" ()

Let us consider n independent random elements Y1, Yo, ..., Y,, with the same

law as Y and let 1

NG

In 7, the square of the norm, ||Z,||?, is equal to the scalar product (Z,,, Z,),

T (Yi+ Yo+ ...+Y,).

BlIZa)?) = + 3" BV V)l
ifi=j, i
BI(Y:, V)] = BVl = 5

if i # j, (Y;,Y;) is a linear functional of Y; and E(Y;) = 0, so by Theorem 3 of
Paragraph 1 of this Chapter,

and, as a consequence,
E[|Z,]%) =

Let @(x*) be the characteristic function of Y. Then that of Z,, is

B(a) = [w (jﬁ)] - {1 - Bl (P + 1P () }

*

where w (%) — 0 when

% ‘ — 0 (Theorem 4, Chapter III). Then

log ,(a") = = 5Elle" (V)] + o P (2.
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So if ||z*|| < A, for any A > 0, ®,,(z*) converges uniformly to f(z*) and, as
a consequence, (Theorem 8, Chapter III), f(x*) is a characteristic function; it is
thus (Section 1, Chapter IV) the characteristic function of a Laplacian element
X, so

THEOREM 4. — Every function
flz*) = Bl —%E{[w*(Y)—E(z*(Y))]Z}’
where Y is a random element with values in a separable Hilbert space, such that
E(|[Y||?) = s?, is the characteristic function of a Laplacian random element.
The proof of the above theorem equally shows us that:

THEOREM 5. — If Y1,Ys,..., Y, are independent random elements with the
same law, with values in a separable Hilbert space, and if

1
E(||Y:?) = 2, ﬁ(Yl +..+Y,)

converges in the sense of Bernoulli, when n — +o00, to a Laplacian random
element.
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