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Mathematical Axiomatisation

Defining properties that form the foundation of a mathematical theory.
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Mathematical Axiomatisation

Defining properties that form the foundation of a mathematical theory.

Euclidean geometry:
▶ Two points define a straight line.
▶ A straight line extends infinitely on either side.
▶ A centre and a radius define a circle.
▶ All right-angles are equal.
▶ The parallel postulate.
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Mathematical Axiomatisation

Defining properties that form the foundation of a mathematical theory.

Group axioms for abstract algebra:
▶ Closure: g1 ◦ g2 ∈ G.
▶ Identity: g ◦ e = e ◦ g = g.
▶ Inverse: g ◦ g−1 = g−1 ◦ g = e.
▶ Associativity: (g1 ◦ g2) ◦ g3 = g1 ◦ (g2 ◦ g3).

2 / 46



Mathematical Axiomatisation

Defining properties that form the foundation of a mathematical theory.

Open set axioms for topology:
▶ ∅,Ω are open.
▶ Arbitrary unions of open sets are open.
▶ Finite intersections of open sets are open.
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Mathematical Axiomatisation
Probability theory

(Ω ,ℋ, P)

Set of outcomes 𝜎-algebra of events Probability measure

▶ P(Ω) = 1;
▶ P(∪n∈NAn) =

∑
n∈N P(An).

Grundbegriffe der Wahrscheinlichkeitsrechnung, Andrei Kolmogorov, Springer, 1933.
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Mathematical axiomatisation
Desiderata

1. Clearly isolates the essential structural properties of a concept.
2. Broad enough to include everything we want (minimality).
3. Sharp enough to exclude anything we do not want.
4. Consistent internal logic.
5. Leads to a rich and fruitful theory.
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Is probability theory all we need?
Ice cream sales vs beach accidents

?

▶ Intervention is at the heart of causality!
▶ But the effect of interventions is not deterministic.
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Is Probability Theory All We Need?
Is Moderate Drinking Good For Health?
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Is Probability Theory All We Need?
Is Moderate Drinking Good For Health?
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Modern machine learning
Mechanistic interpretability

Open Problems in Mechanistic Interpretability, Sharkey et al., TMLR, 2025.
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Existing frameworks
Structural causal models

(SCMs)
Potential outcomes Decision-theoretic

Causality, Pearl, Cambridge University Press, 2009
Causal Inference for Statistics, Social, and Biomedical Sciences: An Introduction, Rubin and
Imbens, Cambridge University Press, 2015
Statistical Causality from a Decision-Theoretic Perspective, Dawid, Annual Review of Statistics
and its Applications
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In the words of Philip Dawid...

Statistical Causality from a Decision-Theoretic Perspective, Dawid, Annual Review of Statistics
and its Applications
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Probability vs Statistics

Data
generating

process
Data

Probability theory

Statistics

Probability space

Linear models,
Gaussian assumption,...

Causal data
generating

process
Data

Causality

Causal inferenceSCMs, POs, DT, ...

Causal spaces
(this tutorial)

Causality is not yet viewed as a branch of pure mathematics!
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Notation

▶ Product measurable space with index set T:

(Ω,ℋ) = (×t∈TΩt, ⊗t∈Tℰt).

For each S ⊆ T, a sub-𝜎-algebra ℋS of ℋ.

Intuition:
▶ ℋ = ℋT entire space / all variables.
▶ ℋS subspace / subset of the variables.

▶ Transition probability kernel KS : ΩS ×ℋ → [0, 1]

KS (x, ·) → [0, 1] .

For each x ∈ ΩS, KS (x, ·) is a measure on (Ω,ℋ).

Intuition: conditional distribution.

(Ω,ℋ)

(Ω,ℋS)

KS

(Ω,ℋ)

(Ω,ℋS′ )

KS′
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Causal spaces

A causal space is a quadruple (Ω,ℋ, P,K), where

▶ (Ω,ℋ, P) = (×t∈TΩt, ⊗t∈Tℰt, P) is a probability space;
▶ K = {KS : S ⊆ T}, KS : ΩS ×ℋ → [0, 1],

where KS are causal kernels, such that
(i) for all A ∈ ℋ and x ∈ Ω, K∅ (x; A) = P(A);
(ii) for all A ∈ ℋS and x ∈ Ω, KS (x; A) = 1A (x).
P is the observational measure.
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Interventions

An intervention is the process of
(a) choosing a sub-𝜎-algebra ℋU, and
(b) placing any measure Q on (Ω,ℋU).

New causal space: (Ω,ℋ, Pdo(U,Q) ,Kdo(U,Q) ), where

Pdo(U,Q) (A) =
∫

Q(dx)KU (x; A)

and Kdo(U,Q) = {Kdo(U,Q)
S : S ⊆ T} with

Kdo(U,Q)
S (x,A) =

∫
Q(dx′U\S)KS∪U

(
(xS, x′U\S); A

)
.

(Ω,ℋ, P,K)

(Ω,ℋU, P)

(Ω,ℋ, ?, ?)

(Ω,ℋU,Q)
KU

(Ω,ℋ, Pdo(U,Q) ,Kdo(U,Q) )

(Ω,ℋU,Q)
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Axioms of causal kernels

Recall that causal kernels KU from (Ω,ℋU) into (Ω,ℋ) satisfy

(i) for all A ∈ ℋ and x ∈ Ω, K∅ (x; A) = P(A);
(ii) for all A ∈ ℋU and x ∈ Ω, KU (x; A) = 1A(x).
Intuition on the axioms:
(i) Pdo(∅,Q) (A) = P(A). (Trivial intervention)
(ii) Pdo(U,Q) (A) =

∫
Q(dx)1A (x) = Q(A). (Interventional determinism)

(Ω,ℋ, P,K)

(Ω,ℋU, P)

(Ω,ℋ, ?, ?)

(Ω,ℋU,Q)
KU

(Ω,ℋ, Pdo(U,Q) ,Kdo(U,Q) )

(Ω,ℋU,Q)
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Theorem

The new causal space (Ω,ℋ, Pdo(U,Q) ,Kdo(U,Q) ) obtained after intervention
is indeed a causal space, i.e.
▶ Pdo(U,Q) is a probability measure;
▶ Kdo(U,Q) satisfies the two axioms on the previous page.

(Ω,ℋ, P,K)

(Ω,ℋU, P)

(Ω,ℋ, ?, ?)

(Ω,ℋU,Q)
KU

(Ω,ℋ, Pdo(U,Q) ,Kdo(U,Q) )

(Ω,ℋU,Q)
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Example
Ice cream sales and beach accidents

▶ Causal space: (Ωice ×Ωacc,ℰice ⊗ℰacc, P,K).

▶ P has strong dependence.
▶ For causal kernels, let

▶ Kice (x; A) = P(A) for all A ∈ ℰacc; and
▶ Kacc

(
y; B

)
= P(B) for all B ∈ ℰice.
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Example
Ice Cream Sales and Beach Accidents

A Number of beach accidents.
I Ice cream sales.

T Temperature.
E Economy.

W World.

A I

A I

T

A I

TE

A I

W

Recall:
▶ Causal space: (Ωice ×Ωacc,ℰice ⊗ℰacc, P,K).
▶ P has strong correlation.
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Example
Crop Yield and Price

Causal space: (Ωrice ×Ωprice,ℰrice ⊗ℰprice, P,K).
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Example
Crop Yield and Price

Causal space: (Ωrice ×Ωprice,ℰrice ⊗ℰprice, P,K).

Intervention to fix rice = 3:
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Example
1-dimensional Brownian motion

▶ Causal space: (×t∈R+Ωt, ⊗t∈R+ℰt, P,K)1.

▶ P is the Wiener measure.
▶ For values y ∈ Ωt, the causal kernels are

K{1}
(
0; dy

)
=


P(dy), 0 ≤ t < 1,
𝛿0 (dy), t = 1,

1√
2𝜋 (t−1)

e−
y2

2(t−1) dy, t > 1.

1For each t ∈ R+, Ωt = R andℰt is the Borel 𝜎-algebra.
22 / 46



Example
1-dimensional Brownian motion

▶ Causal space: (×t∈R+Ωt, ⊗t∈R+ℰt, P,K)1.
▶ P is the Wiener measure.

▶ For values y ∈ Ωt, the causal kernels are

K{1}
(
0; dy

)
=


P(dy), 0 ≤ t < 1,
𝛿0 (dy), t = 1,

1√
2𝜋 (t−1)

e−
y2

2(t−1) dy, t > 1.

1For each t ∈ R+, Ωt = R andℰt is the Borel 𝜎-algebra.
22 / 46



Example
1-dimensional Brownian motion

▶ Causal space: (×t∈R+Ωt, ⊗t∈R+ℰt, P,K)1.
▶ P is the Wiener measure.
▶ For values y ∈ Ωt, the causal kernels are

K{1}
(
0; dy

)
=


P(dy), 0 ≤ t < 1,
𝛿0 (dy), t = 1,

1√
2𝜋 (t−1)

e−
y2

2(t−1) dy, t > 1.

1For each t ∈ R+, Ωt = R andℰt is the Borel 𝜎-algebra.
22 / 46



Table of Contents

Causal spaces

Examples

Causal effects and sources

Preview: stochastic processes and targeted interventions

Counterfactuals

Conclusion

23 / 46



Mathematical axiomatisation
Desiderata

1. Clearly isolates the essential structural properties of a concept.
2. Broad enough to include everything we want (minimality).
3. Sharp enough to exclude anything we do not want.
4. Consistent internal logic.
5. Leads to a rich and fruitful theory.

▶ Unify and generalise existing theory.
▶ Go beyond existing theories.
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Recap: Independence
from probability theory

P(A ∩ B) = P(A)P(B), or equivalently, P(A | B) = P(A).

Probability: Theory and Examples, Durrett, Cambridge University Press, 2019

Probability and Stochastics, Çinlar, Springer, 2011
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Causal effect

Recall: causal space (Ω,ℋ, P,K) and causal kernel KU (x; ·).

▶ KU has no causal effect on A if KU (x; A) = P(A) for all x ∈ Ω.

Recall: interventional measure Pdo(U,Q) (A) =
∫
Q(dx)KU (x; A).

Suppose KU has no causal effect on A.
▶ Pdo(U,Q) (A) = P(A) for any Q.

Proof: Pdo(U,Q) (A) =
∫
Q(dx)KU (x; A) =

∫
Q(dx)P(A) = P(A).
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Proof: Using the second axiom KU (x; B) = 1B (x),
Pdo(U,Q) (A ∩ B) =

∫
Q(dx)KU (x; A ∩ B) =

∫
Q(dx)1B (x)KU (x; A)

= P(A)
∫
Q(dx)KU (x; B)= Pdo(U,Q) (A)Pdo(U,Q) (B).

▶ The converse also holds!
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Sources
Identifiability

Recall: causal space (Ω,ℋ, P,K) and causal kernel KU (x; ·).
Recall: interventional measure Pdo(U,Q) (A) =

∫
Q(dx)KU (x; A).

▶ KU is a source of A if KU (·; A) = P(A | ℋU) almost surely.
▶ Identifiability: Pdo(U,Q) (A) =

∫
Q(dx)P(A | ℋU).

(Ω,ℋ, P,K)

(Ω,ℋU, P)

(Ω,ℋ, ?, ?)

(Ω,ℋU,Q)
KU

(Ω,ℋ, Pdo(U,Q) ,Kdo(U,Q) )

(Ω,ℋU,Q)

27 / 46



Sources
Identifiability

Recall: causal space (Ω,ℋ, P,K) and causal kernel KU (x; ·).
Recall: interventional measure Pdo(U,Q) (A) =

∫
Q(dx)KU (x; A).

▶ KU is a source of A if KU (·; A) = P(A | ℋU) almost surely.

▶ Identifiability: Pdo(U,Q) (A) =
∫
Q(dx)P(A | ℋU).

(Ω,ℋ, P,K)

(Ω,ℋU, P)

(Ω,ℋ, ?, ?)

(Ω,ℋU,Q)
KU

(Ω,ℋ, Pdo(U,Q) ,Kdo(U,Q) )

(Ω,ℋU,Q)

27 / 46



Sources
Identifiability

Recall: causal space (Ω,ℋ, P,K) and causal kernel KU (x; ·).
Recall: interventional measure Pdo(U,Q) (A) =

∫
Q(dx)KU (x; A).

▶ KU is a source of A if KU (·; A) = P(A | ℋU) almost surely.
▶ Identifiability: Pdo(U,Q) (A) =

∫
Q(dx)P(A | ℋU).

(Ω,ℋ, P,K)

(Ω,ℋU, P)

(Ω,ℋ, ?, ?)

(Ω,ℋU,Q)
KU

(Ω,ℋ, Pdo(U,Q) ,Kdo(U,Q) )

(Ω,ℋU,Q)

27 / 46



Two-out-of-three
Independence–causal effect–source

In summary:

▶ Independence: P(A | ℋU) = P(A) (almost surely).
▶ No causal effect: KU (·; A) = P(A).
▶ Source: KU (·; A) = P(A | ℋU) (almost surely).

If two of the three holds, then the third also holds!
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Do-calculus
Graphical criteria for identification

Independence

Sources

Causal effects

▶ Causal spaces: definitions.
▶ SCM do-calculus: criteria under modelling assumptions.

Causality, Pearl, Cambridge University Press, 2009
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Mathematical axiomatisation
Desiderata

1. Clearly isolates the essential structural properties of a concept.
2. Broad enough to include everything we want (minimality).
3. Sharp enough to exclude anything we do not want.
4. Consistent internal logic.
5. Leads to a rich and fruitful theory.

▶ Unify and generalise existing theory.
▶ Go beyond existing theories.
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Example: 1-dimensional Brownian motion
Observational

▶ Probability space: (×t∈R+Ωt, ⊗t∈R+ℰt, P)2,
▶ P is the Wiener measure.

2For each t ∈ R+, Ωt = R andℰt is the Borel 𝜎-algebra.
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Example: 1-dimensional Brownian motion
Conditioned

▶ Probability space: (×t∈R+Ωt, ⊗t∈R+ℰt, P),
▶ P is the Brownian bridge measure.
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Example: 1-dimensional Brownian motion
Intervention at a fixed time point

▶ Causal space: (×t∈R+Ωt, ⊗t∈R+ℰt, P,K).
▶ P is the Wiener measure.

▶ For values y of Y ∈ Ωt, the causal kernel is

K{1} ((𝜂, 0); dy) =


𝛿𝜂t (dy), 0 ≤ t < 1,

𝛿0 (dy), t = 1,

1√
2𝜋 (t−1)

e−
y2

2(t−1) dy, t > 1.

▶ Future values are affected by the intervention; past values are not.
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Example: 1-dimensional Brownian motion
Targeted intervention at a stopping time

▶ Causal space: (×t∈R+Ωt, ⊗t∈R+ℰt, P,K).
▶ P is the Wiener measure.

▶ Define the stopping time 𝜏(𝜂) = inf{s ≥ 0 : |𝜂s | = 1}.
▶ Targeted causal kernel satisfies

K{𝜏 (𝜂) } ((𝜂, 0), dy) =


𝛿𝜂t (dy), 0 ≤ t < 𝜏(𝜂),
𝛿0 (dy), t = 𝜏(𝜂),

1√
2𝜋 (t−𝜏 (𝜂) )

e−
y2

2(t−𝜏 (𝜂) ) dy, t > 𝜏(𝜂).

▶ The time of intervention is path-dependent.
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▶ Targeted causal kernel satisfies

K{𝜏 (𝜂) } ((𝜂, 0), dy) =


𝛿𝜂t (dy), 0 ≤ t < 𝜏(𝜂),
𝛿0 (dy), t = 𝜏(𝜂),

1√
2𝜋 (t−𝜏 (𝜂) )

e−
y2

2(t−𝜏 (𝜂) ) dy, t > 𝜏(𝜂).

▶ The time of intervention is path-dependent.
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Counterfactuals in psychology

▶ Explain the past and prepare for the future.

▶ Intentions and decisions.
▶ Modulate emotions such as regret and relief.
▶ Support moral judgments such as blame.

Counterfactual Thought, Byrne, Annual Review of Psychology, 2016
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Counterfactual spaces
Ladder of causation?

Observation

X Y

UYUX

Intervention

do(X) Y

UYUX

Counterfactual

do(X) Y

UY |X, YUX

Probability spaces
(Ω,ℋ, P)

Causal spaces
(Ω,ℋ, P,K)

Counterfactual
probability spaces

(ΩF × ΩCF,ℋF ⊗ℋ
CF, P)

Counterfactual
causal spaces

(ΩF × ΩCF,ℋF ⊗ℋ
CF, P,K)

Interventions and counterfactuals are orthogonal concepts.

Shared information between worlds is encoded in P and K.

The Book of Why: The New Science of Cause and Effect, Pearl and Mackenzie, Basic Books,
2018.
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Summary

Data
generating

process
Data

Probability
spaces

Statistics

Causal data
generating

process
Data

Causal
spaces

Causal
inference

Counterfactual
probability spaces

(ΩF × ΩCF ,ℋF ⊗ℋ
CF , P)

Probability
spaces

(Ω,ℋ, P)

Causal
spaces

(Ω,ℋ, P,K)

Counterfactual
causal spaces

(ΩF × ΩCF ,ℋF ⊗ℋ
CF , P,K)

Causal spaces
▶ are a measure-theoretic axiomatisation of causality;
▶ whose axioms say

▶ doing nothing changes nothing (trivial intervention); and
▶ when giving X value x, X has value x (interventional determinism);

44 / 46



Summary

Data
generating

process
Data

Probability
spaces

Statistics

Causal data
generating

process
Data

Causal
spaces

Causal
inference

Counterfactual
probability spaces

(ΩF × ΩCF ,ℋF ⊗ℋ
CF , P)

Probability
spaces

(Ω,ℋ, P)

Causal
spaces

(Ω,ℋ, P,K)

Counterfactual
causal spaces

(ΩF × ΩCF ,ℋF ⊗ℋ
CF , P,K)

Causal spaces
▶ are a measure-theoretic axiomatisation of causality;

▶ whose axioms say
▶ doing nothing changes nothing (trivial intervention); and
▶ when giving X value x, X has value x (interventional determinism);

44 / 46



Summary

Data
generating

process
Data

Probability
spaces

Statistics

Causal data
generating

process
Data

Causal
spaces

Causal
inference

Counterfactual
probability spaces

(ΩF × ΩCF ,ℋF ⊗ℋ
CF , P)

Probability
spaces

(Ω,ℋ, P)

Causal
spaces

(Ω,ℋ, P,K)

Counterfactual
causal spaces

(ΩF × ΩCF ,ℋF ⊗ℋ
CF , P,K)

Causal spaces
▶ are a measure-theoretic axiomatisation of causality;
▶ whose axioms say

▶ doing nothing changes nothing (trivial intervention); and
▶ when giving X value x, X has value x (interventional determinism);

44 / 46



Summary

Data
generating

process
Data

Probability
spaces

Statistics

Causal data
generating

process
Data

Causal
spaces

Causal
inference

Counterfactual
probability spaces

(ΩF × ΩCF ,ℋF ⊗ℋ
CF , P)

Probability
spaces

(Ω,ℋ, P)

Causal
spaces

(Ω,ℋ, P,K)

Counterfactual
causal spaces

(ΩF × ΩCF ,ℋF ⊗ℋ
CF , P,K)

Causal spaces
▶ are a measure-theoretic axiomatisation of causality;
▶ whose axioms say

▶ doing nothing changes nothing (trivial intervention); and

▶ when giving X value x, X has value x (interventional determinism);

44 / 46



Summary

Data
generating

process
Data

Probability
spaces

Statistics

Causal data
generating

process
Data

Causal
spaces

Causal
inference

Counterfactual
probability spaces

(ΩF × ΩCF ,ℋF ⊗ℋ
CF , P)

Probability
spaces

(Ω,ℋ, P)

Causal
spaces

(Ω,ℋ, P,K)

Counterfactual
causal spaces

(ΩF × ΩCF ,ℋF ⊗ℋ
CF , P,K)

Causal spaces
▶ are a measure-theoretic axiomatisation of causality;
▶ whose axioms say

▶ doing nothing changes nothing (trivial intervention); and
▶ when giving X value x, X has value x (interventional determinism);

44 / 46



Summary

Data
generating

process
Data

Probability
spaces

Statistics

Causal data
generating

process
Data

Causal
spaces

Causal
inference

Counterfactual
probability spaces

(ΩF × ΩCF ,ℋF ⊗ℋ
CF , P)

Probability
spaces

(Ω,ℋ, P)

Causal
spaces

(Ω,ℋ, P,K)

Counterfactual
causal spaces

(ΩF × ΩCF ,ℋF ⊗ℋ
CF , P,K)

Causal spaces
▶ are a measure-theoretic axiomatisation of causality;
▶ whose axioms say

▶ doing nothing changes nothing (trivial intervention); and
▶ when giving X value x, X has value x (interventional determinism);

44 / 46



Summary

Data
generating

process
Data

Probability
spaces

Statistics

Causal data
generating

process
Data

Causal
spaces

Causal
inference

Counterfactual
probability spaces

(ΩF × ΩCF ,ℋF ⊗ℋ
CF , P)

Probability
spaces

(Ω,ℋ, P)

Causal
spaces

(Ω,ℋ, P,K)

Counterfactual
causal spaces

(ΩF × ΩCF ,ℋF ⊗ℋ
CF , P,K)

▶ Our hope is that causal spaces play the same role that probability
spaces have played for the theory of randomness, for the theory of
causality, as the foundation of an area of pure mathematics.

▶ We view SCMs and potential outcomes are valuable tools to specify
(counterfactual) causal spaces.
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Thank you.
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Existing frameworks

Structural causal models (SCMs) Potential outcomes

Causality, Pearl, Cambridge University Press, 2009
Causal Inference for Statistics, Social, and Biomedical Sciences: An Introduction, Rubin and
Imbens, Cambridge University Press, 2015
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Existing frameworks
Desiderata of axioms

SCMs Potential outcomes

Isolation of structural properties ✗ ✗

Broadness ✗ ✓

Sharpness ✓ ✗

Consistent internal logic ✗ ✓

Rich theory. ✓ ✓

Causality, Pearl, Cambridge University Press, 2009
Causal Inference for Statistics, Social, and Biomedical Sciences: An Introduction, Rubin and
Imbens, Cambridge University Press, 2015
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How is the causal information encoded?

SCMs: X = fX (...)

X

How the system affects a
sub-system.

Causal spaces: KX (x; . . . ) = . . .

X

How a sub-system affects the
system.
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What are the primitive objects?

SCMs
▶ Set of variables X1, ...,Xn.
▶ Noise distribution.
▶ Structural equations

Xi = fi (...).

▶ The system is deterministic.
▶ Observational and

interventional distributions
are derived from these
primitive objects.

Causal Spaces
▶ Probability space (Ω,ℋ, P).
▶ Causal kernels KS.
▶ The system is fundamentally

stochastic.
▶ Observational and

interventional distributions
are the primitive objects.
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Relationship between observational and interventional
measures

SCMs
▶ Observational and

interventional distributions
are coupled through the
structural equations.

Causal Spaces
▶ Observational and

interventional distributions
are a priori completely
decoupled.
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